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Jonathan Bowden, Fabio Gironella, Agustin Moreno
Abstract
Given a contact structure on a manifold V together with a supporting
open book decomposition, Bourgeois gave an explicit construction of a con-
tact structure on V × T2. We prove that all such structures are universally
tight in dimension 5, independent on whether the original contact manifold
is tight or overtwisted. In the planar case, i.e. when the pages of the open
book have genus zero, we characterize the 5-dimensional Bourgeois contact
structures admitting strong symplectic fillings: they are precisely those with
trivial monodromy. As a consequence, strong fillability is equivalent to Stein
fillability in the 5–dimensional planar case. We also obtain a broad class of
new examples of weakly but not strongly fillable contact 5–manifolds.
Lastly, the techniques developed in the 5–dimensional case also allow us
to obtain the following results in the higher–dimensional setting: the unit
cotangent bundle of the n-torus with its standard contact structure (which is
a Bourgeois contact structure), has a unique symplectically aspherical strong
filling up to diffeomorphism, and the Bourgeois contact manifold associated
to the open book with monodromy given by a single Dehn–Seidel twist on
the unit cotangent bundle of the n-sphere admits no symplectically aspherical
strong filling. The latter answers a question of Lisi–Marinkovic´–Niederkru¨ger,
in the symplectically aspherical setting.
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1 Introduction
In [Bou02b], Bourgeois showed that, whenever (V, ξ) is a contact manifold endowed
with a supporting open book decomposition (which always exist by work of Giroux
[Gir02]), then the manifold V × T2 carries a natural contact structure. The main
motivation behind such a construction was the problem of the existence of contact
structures on higher–dimensional manifolds. For instance, it showed that every odd
dimensional torus admits contact structures, something that was open after Lutz
[Lut79] proved that T5 is contact, more than 20 years before.
It was not until recently that Borman-Eliashberg-Murphy [BEM15] proved that
contact structures in higher-dimensions actually exist in abundance (i.e. whenever
the obvious topological obstructions disappear) by generalizing Eliashberg’s [Eli89]
notion of overtwistedness, as well as the h–principle that comes with it, to higher
dimensions. Overtwisted contact manifolds are topological/flexible in nature, and
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most of the associated contact-topological invariants (e.g. those coming from holo-
morphic curves) simply vanish. As a result, it has become relevant to find exam-
ples of high–dimensional contact structures beyond the overtwisted ones, which are
more geometric/rigid and which potentially have rich associated invariants. Contact
structures which are not overtwisted are usually referred to as tight.
The construction in [Bou02b] actually fits very well in this setting, as it is both
very explicit and yields a very broad class of contact manifolds in arbitrary odd
dimensions, with remarkable properties. For instance, [Pre07] used it to construct
the first examples of high dimensional (closed) contact manifolds admitting a Plas-
tikstufe, as defined in [Nie06]. Note that admitting a Plastikstufe is equivalent to
overtwistedness, according to recent work [CMP19,Hua17]. In [BCS14], the authors
also used it to construct contact structures on the product of a contact manifold with
the 2–sphere. More recently, Lisi, Marinkovic´ and Niederkru¨ger [LMN18] started the
systematic study of the Bourgeois construction, in particular studying its fillability
properties.
The main results of this paper in this setting are as follows: 5–dimensional Bour-
geois contact manifolds are always tight and, in the case of original open book with
genus zero page, they are strongly fillable if and only if the monodromy is the iden-
tity. In other words, at least in dimension 5, the Bourgeois construction behaves in
a very rigid way. As a byproduct, the strategy of the proof of the second statement
also leads to two higher dimensional results: the characterization of the diffeomor-
phism type of symplectically aspherical strong fillings of the sphere cotangent bundle
S∗Tn of the n–torus Tn, equipped with its standard contact structure, and a non–
existence result for symplectically aspherical strong fillings of the Bourgeois contact
structure associated to the open book with page the unit cotangent bundle D∗Sn
and monodromy the positive Dehn–Seidel twist τ along the zero section of D∗Sn.
In what follows we will use the following notation. Given an abstract open book
(Σ2n, φ) and the associated contact (2n + 1)–manifold OBD(Σ, φ), we denote by
BO(Σ, φ) the contact manifold obtained via the Bourgeois construction [Bou02b].
Recall that, smoothly, BO(Σ, φ) = OBD(Σ, φ) × T2 and we refer to Section 2 for
further details.
The rest of the introduction is devoted to describing the results mentioned above
in more details as well as the corollaries one can deduce from them.
Tightness. We begin by addressing the natural question of whether a given Bour-
geois contact structure is tight or overtwisted.
In [LMN18], the authors give examples, in every odd dimension, of an overtwisted
(V, ξ) such that the associated Bourgeois contact manifold is tight. Moreover, in
[Gir17a], it was shown that if V is a 3-manifold with non-zero first Betti number,
then there exists a supporting open book such that the associated Bourgeois contact
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structure is (hyper)tight. In this paper, we prove that, at least in dimension 5, these
are particular instances of a more general fact. Namely, 5-dimensional Bourgeois
contact structures are rigid, inherently geometric objects, independently of the rigid
or flexible nature of (V, ξ):
Theorem A (Tightness). For every abstract open book (Σ2, φ), the contact 5–
manifold BO(Σ, φ) is (universally) tight.
Recall that universally tight means that the universal cover is tight. In particular,
universal tightness implies tightness.
The fact that 5–dimensional Bourgeois contact structures are universally tight
is a simple consequence of the fact that they are tight and that finite covers on ei-
ther factor of the product again yield Bourgeois contact structures. More precisely,
tightness for every Bourgeois contact structure implies tightness for any finite cover.
In the case that the initial contact manifold is of dimension three, so that its funda-
mental group is residually finite (and therefore the same is true for its product with
T2), this is equivalent to universal tightness.
Notice also that, while there are many ways of making contact/symplectic man-
ifolds more flexible (e.g. by adding a Lutz twist, or by taking the flexibilization of a
Weinstein manifold), Theorem A says that the Bourgeois construction can be inter-
preted as a “tightifying” procedure. To our knowledge, there is currently no other
procedure with an analogous property.
It is also worth mentioning that the above result is sharp with respect to taking
branched covers. This is a consequence of an argument of Massot and Niederkru¨ger,
based on ideas from [Pre07] (cf. [Nie14, Theorem I.5.1]). The interested reader can
consult [Gir17a, Observation 5.10] for details.
Symplectic fillability. Another important problem in contact topology that is
related to the flexible/rigid classification of contact structures, is that of charac-
terizing which contact structures admit symplectic fillings. Indeed, one of the first
applications of the theory of holomorphic curves was to show that symplectically
fillable contact manifolds are tight. More precisely, this was proven by Gromov–
Eliashberg [Gro85,Eli90] in the 3–dimensional case. The strategy was then general-
ized to higher dimensions by Niederkru¨ger [Nie06], who showed that symplectically
fillable high dimensional contact manifolds do not admit embedded Plastikstufe (as
defined in [Nie06]); in view of [BEM15], this also implies their tightness.
Given Theorem A, it is natural to wonder whether Bourgeois contact structures
are (at least weakly) symplectically fillable. While there exist partial results in
this direction [MNW13, LMN18], a complete answer is yet to be found. See also
Remark 9.1 for subtleties in finding weak fillings.
In this paper, we consider the planar case, i.e. the case where the page of the
open book of the original manifold has genus zero. In the 3-dimensional situation,
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strong symplectic fillings of contact structures supported by planar open books exist
in abundance, and in fact are in 1-1 correspondence with the factorizations of the
monodromy into products of positive Dehn-twists [Wen10c]. However, the situation
of planar 5-dimensional Bourgeois contact manifolds is surprisingly more rigid:
Theorem B (Fillability). Let (Σ2, φ) be an abstract open book. The contact 5–
manifold BO(Σ, φ) admits a strong symplectic filling if and only if φ is isotopic to
the identity (rel. boundary).
The case of φ isotopic to Id corresponds precisely to the case where V 3 admits
a subcritical Stein filling [Cie02]. According to [LMN18, Theorem A.b], in this case
the associated Bourgeois contact manifold admits a Stein filling. We thus obtain
the following (cf. [Wen10c, Corollary 1]):
Corollary C. In the case of 5–dimensional planar Bourgeois contact manifolds,
strong symplectic fillability is equivalent to Stein fillability.
Theorems A and B also imply that we may regard the Bourgeois construction
in the planar case as a systematic way of constructing tight but non-strongly fil-
lable contact 5–manifolds. More precisely, we have the following “quantitative”
statement:
Corollary D. For every non-trivial element in the mapping class group of a genus
zero surface with non–empty boundary, there exists an associated universally tight
but not strongly fillable 5–dimensional contact manifold.
Moreover, using Eliashberg’s classification of overtwisted contact structures in
dimension 3 [Eli90], and the fact that overtwisted contact structures are planar in
that dimension [Etn04], we have:
Corollary E. For each almost contact structure (M3, η) on a closed 3-manifold,
there exists a universally tight but not strongly fillable contact structure on M × T2
which is homotopic to the product almost contact structure η ⊕ TT2.
Recall that an almost contact structure on V 2n+1 is a hyperplane field ξ equipped
with a complex structure J : ξ → ξ. On a 3-manifold, this simply reduces to the
data of a homotopy class of oriented 2-plane fields.
Theorem B above also gives examples of 5–manifolds which admit weak but no
strong symplectic fillings. Indeed, contact 3–manifolds admitting a supporting open
book with planar page and monodromy a product of positive Dehn twists is the
convex boundary of a symplectic Lefschetz fibration. In particular, according to
[LMN18, Theorem A.a] (cf. also [MNW13, Example 1.1]), the associated Bourgeois
contact manifold is weakly fillable. Moreover, according to [LMN18, Theorem B], the
same is true if the monodromy is a product of negative Dehn twists (cf. Remark 9.1
below). Theorem B then also implies the following:
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Corollary F. Let (Σ2, φ) be an abstract open book with Σ of genus zero and φ a
product of Dehn twists, all of the same sign. Then, the contact 5-manifold BO(Σ, φ)
is weakly but not strongly fillable.
Examples of weakly but not strongly fillable contact structures in dimension 3 are
well-known. The first examples of such contact manifolds in higher dimensions were
obtained in [MNW13, Theorem E], also in dimension 5 on manifolds diffeomorphic
to a product of a 3-manifold with a torus. Those examples are associated to contact
3-manifolds whose contact structure belongs to a Liouville pair (see [MNW13, Def-
inition 1]). These are in particular co–fillable, hence necessarily not planar by a
result of Etnyre [Etn04]. Corollary F then complements [MNW13, Theorem E], and
provides a broad class of new examples.
It was shown in [LMN18] that Bourgeois contact structures arising from stabi-
lized open books are not subcritically Weinstein fillable. This applies in particular to
BO(T ∗S1, τ), where τ is the positive Dehn twist along the zero section. Corollary F
provides a stronger statement for this particular case and thereby answers Question
1.6 in [LMN18] in the 5-dimensional case (we also provide an answer to this question
in the higher dimensional case, under the additional assumption of asphericity of
the filling; see Theorem H below).
It is perhaps interesting to mention that BO(T ∗S1, τ) is somewhat special: the
strong/exact fillability of any Bourgeois contact structure in dimension 5 can actu-
ally be reduced to that of BO(T ∗S1, τ). This follows by suitably combining Theo-
rem 3.1 below with results in [LMN18]. However, Corollary F renders this fact an
insubstantial curiosity.
Symplectically aspherical fillings in higher dimensions Using similar tech-
niques to those in the proof of Theorem B, we also study symplectically aspherical
fillings of higher dimensional Bourgeois contact manifolds.
First, we study the diffeomorphism type of the strong symplectically aspherical
fillings of the unit cotangent bundle S∗Tn of Tn with its standard contact structure
ξstd. Here, the standard contact structure is given by the restriction of the standard
Liouville form λstd on T
∗Tn to the boundary S∗Tn of the disk cotangent bundle
D∗Tn. In fact, (S∗Tn, ξstd) is none other than BO(D∗Tn−2, Id). This follows from
the following observation. The contact manifold OBD(D∗Tn−2, Id) is the convex
boundary of the subcritical Stein manifold
W = D∗S1 × · · · ×D∗S1︸ ︷︷ ︸
n−2 times
×D2 .
According to [LMN18, Theorem A.b], BO(T ∗Tn−2, id) is then the convex boundary
of the Stein manifold
(∏n−2
i=1 D
∗S1
) ×D∗T2 = D∗Tn, with its split Stein structure,
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which is just the standard one. We then prove that this is actually the only possible
smooth filling:
Theorem G. The contact manifold (S∗Tn, ξstd) has a unique strong symplectically–
aspherical filling up to diffeomorphism.
Notice that Theorem G is a smooth higher–dimensional version of [Wen10c, The-
orem 4], which was in turn a symplectic version of Stipsicz’s result [Sti02] on the
homemorphism type of symplectic fillings of the standard contact structure on T3.
Remark 1.1. Theorem G has also been independently obtained by Geiges–Kwon–
Zehmisch [GKZ19].
We also point out that, in dimension 5 (i.e. n = 3), Theorems B and G give a
complete smooth characterization of symplectically aspherical strong fillings for the
Bourgeois contact 5–manifolds associated to any open book with page D∗S1. Note
that, according to [LMN18], all such examples are weakly fillable.
Lastly, we consider the case of BO(D∗Sn, τ), where τ is the Dehn–Seidel twist
on D∗Sn. More precisely, we give a negative answer to [LMN18, Question 1.6], in
the symplectically aspherical case:
Theorem H. The Bourgeois contact manifold BO(D∗Sn, τ) admits no strong sym-
plectically aspherical filling. In particular, it is not exactly fillable.
Remark 1.2. The conclusion of Theorem H also holds for BO(D∗Sn, τ k) for every
k ∈ Z for which OBD(D∗Sn, τ k) is not homotopy equivalent to OBD(D∗Sn, id) =
Sn × Sn+1. This follows by inspecting the proof.
Outline of the proofs. For convienence of the reader, we outline the main argu-
ments of the proofs of Theorems A, B and G.
Tightness in dimension 5. The proof of Theorem A involves some geometric
group theory and hyperbolic geometry as well as some holomorphic curve techniques.
We sketch here the argument, in the case of a “generic” surface Σ. “Non-generic”
surfaces (namely the disk, the annulus and pairs of pants) need to be dealt with
separately, in a case by case fashion but do not provide any serious difficulties.
The first ingredient is the construction of a strong symplectic cobordism between
Bourgeois contact structures; this is done in Section 3.1. More precisely, Theorem 3.1
is a “stabilized” version of the analogous result for open books, which was proven
(independently) in [Avd12, Klu18]; see Figure 1. We point out that, while the
symplectic form on the strong cobordism of Theorem 3.1 is exact, the Liouville
vector field associated to the global primitive is not inwards pointing along the
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Figure 1: The pseudo-Liouville cobordism (C, ωC) given in Theorem 3.1, going from
BO(Σ, ψ)
⊔
BO(Σ, φ) to BO(Σ, ψ ◦ φ).
negative ends. However, the strong convexity property means that there exist local
primitives of the symplectic form at the negative ends, such that the associated
local Liouville vector fields are indeed inwards pointing. We shall refer to a strong
symplectic cobordism with an exact symplectic form as pseudo-Liouville.
The second ingredient is a factorization result for the original monodromy φ.
More precisely, we show in Lemma 4.1 that φ can be factorized into a composi-
tion φ = φ1 ◦ φ2, such that the associated abstract open book for each factor φi
satisfies that the binding has infinite order in the fundamental group. When com-
bined with an observation on the Reeb dynamics of the Bourgeois forms (namely,
Observation 2.7 below), Lemma 4.1 implies that the Bourgeois contact manifolds
BO(Σ, φi) associated to each factor is hypertight (i.e. the Reeb vector field admits
no contractible orbits); see Corollary 4.2.
Then, we assume by contradiction that BO(Σ, φ) is overtwisted. Attaching an
exact cobordism on top of the corresponding cobordism (C, ωC) in Figure 1, one can
suppose that the contact form at the positive end is adapted to a Plastikstufe. A
standard application of the holomorphic curve machinery a`-la [Hof93,Nie06,AH09]
then gives a holomorphic plane in the symplectization of one of the negative ends.
We point out that, while bubbles are ruled out by exactness, holomorphic caps at
the negative ends are excluded via the explicit properties of the cobordism (C, ωC)
(see Theorem 3.1 for a precise statement) and via the specific Reeb dynamics at the
negative ends; this is a subtle point. Now, the existence of such holomorphic plane
contradicts hypertightness of each connected component of the concave boundary
(C, ωC), thus concluding the proof.
Obstruction to fillability in dimension 5. The proof of Theorem B is
mostly based on holomorphic curve techniques and spinal open book decomposi-
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tions (SOBDs). The latter notion was introduced in dimension 3 in [LVHMW18],
and generalized to higher dimensions in [Mor17a]. This geometric decomposition
generalizes the standard notion of an open book decomposition, and supports con-
tact structures in a natural way, in a sense which mimics the notion for open books
due to Giroux. Moreover, as in [Mor17a], given a contact manifold supported by a
SOBD with 2–dimensional pages, an analogue of the construction of holomorphic
open book decomposition of [Wen10b] (see also [Abb11]) gives a foliation of the sym-
plectization, whose leaves are holomorphic curves lifting the pages of the SOBD. In
the case where the pages are genus zero and we are in the presence of a strong sym-
plectic filling, we get an induced moduli space of punctured holomorphic spheres
which “probes” the filling. The germ of this idea goes back to Eliashberg [Eli90],
appearing also in work of McDuff [McD90], amongst other authors. It has also been
used in [Wen10c] in the case of planar 3-dimensional open books and 4-dimensional
symplectic fillings. In the low-dimensional situation considered by Wendl, positivity
of intersections for holomorphic curves is a very powerful tool, which allows to con-
clude that the moduli space foliates the filling. The latter is thus diffeomorphic to
the (marked) moduli space, and inherits a Lefschetz fibration structure inducing the
original open book at the boundary, where the projection map is the forgetful map
forgetting the marked point. In particular, the original monodromy is isotopic to a
product of positive Dehn twists, and each factor corresponds to an isolated nodal
holomorphic curve in the filling.
In our 6-dimensional situation, where semi-positivity holds, despite the absence
of positivity of intersections, we are still able to recover an analogous statement in
the context of planar SOBDs. Namely, the marked moduli space, while perhaps
not foliating the interior of the filling (as curves might intersect there), does in fact
provide a foliation asymptotically in the cylindrical end of its Liouville completion,
which extends to the compactification. In this way one obtains a relative pseudo-
cycle representing the fundamental class of the filling via the evaluation map on the
compactification of the marked moduli space. This is the content of Theorem 7.3
below.
We point out that, while we phrase everything in terms of the SOBDs supporting
planar Bourgeois contact structures, this can be carried over to the case of contact
structures supported by more general planar SOBDs. However, in the case of a
Bourgeois contact structure, one can also rule out every kind of nodal (and multiple–
level) degeneration, except perhaps for bubbling of closed spheres. This is the main
novelty in the current setup.
One then makes a passage to a well-known 4-dimensional situation. One chooses
generically a suitable 2–disk in the (unmarked) moduli space which intersects the
nodal strata in a finite number of points, in such a way that the monodromy of
the original open book is precisely the monodromy of the forgetful map along its
boundary. A careful analysis of the possible bubbling allows one to deduce that
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the monodromy around points corresponding to intersections with nodal curves is
trivial.
Morally this corresponds to the fact that the forgetful map, when restricted to the
preimage of this 2–disk, is, topologically, a 4-dimensional Lefschetz fibration whose
vanishing cycles are all contractible. The situation is however more complicated as
we cannot a priori rule out multiply covered bubbles. However, we can still deduce
that the monodromy at the boundary to be isotopic is identity, thus concluding the
proof of Theorem B.
Ruling out all unwanted nodal degenerations is somewhat technical, and the
proof involves two more moduli spaces of holomorphic curves. The main ingredi-
ent is a version of spine removal surgery for Bourgeois SOBDs, adapted from the
3-dimensional notion in [LVHMW18] (see Section 3.2 below). This provides a sym-
plectic cobordism with contact concave boundary the original Bourgeois contact
structure and stable convex boundary T3 × S2 (i.e. as the pages Σ are capped to
spheres S2, the original monodromy becomes symplectically isotopic to Id), obtained
via attaching an explicit symplectic handle. Applying this to the original filling W ,
we obtain a “capped filling” Wcap. One can then construct a moduli space of spheres
in Wcap coming from the second factor of its boundary. Moreover, there is also a
moduli space of cylinders coming from its first factor, which comes from an S2-
parametric version of the foliation of the symplectization of T3 from [Wen10c]. The
first moduli space can be used to conclude that the T2-factor survives homologically
in Wcap (Section 6.2). This is then used to show that there are no nodal degenera-
tions, save perhaps for bubbling, in the moduli space coming from the parametric
Wendl foliation, which in turn allows us to understand precisely how degree 2 ho-
mology classes in Wcap intersect each co-core of the handles. This is finally used
to prove the absence of unwanted nodal degenerations in the SOBD holomorphic
foliation above.
Classification of symplectically aspherical fillings of S∗Tn. This
proof also relies on the existence of a zoo of very explicit SOBDs on S∗Tn, which
is a very symmetric contact manifold and whose symplectization admits plenty of
holomorphic foliations. Amongst these SOBDs, there is one whose leaves are cylin-
ders.
Given any symplectic filling W of S∗Tn, one can then consider the moduli space
of cylinders in the Liouville completion of W , which extends the foliation of the sym-
plectization. The key point in the proof is to show that this moduli space admits no
nodal degenerations. The absence of bubbles follows from the fact that the filling
is symplectically aspherical. The absence of nodes coming from the contraction of
a non–contractible loop on the regular curves follows from a strategy completely
analogous to the case for 5-dimensional Bourgeois contact structures. Namely, ap-
plying spine removal surgery to a symmetric SOBD and reasoning as in the proof
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of the fillability result for the Bourgeois case will give the absence of nodes with
non–contractible vanishing cycles.
The forgetful map from marked moduli space to the unmarked one is then a
fibration. Moreover, as in the 5-dimensional case, one can prove that the evaluation
map is a diffeomorphism between the boundary of the marked moduli space and the
boundary of W , i.e. S∗Tn.
As the fibers of the forgetful maps are cylinders, the marked moduli space re-
tracts onto a connected component of its horizontal boundary, which, under the
identification given by the evaluation map, corresponds to a connected component
D∗Tn−1×S1 of the spine of the first SOBD on S∗Tn. With some algebraic topology,
this allows to prove that W is homotopy equivalent to D∗Tn.
Finally, using the s–cobordism theorem as in [BGZ16, Section 8], one can also
conclude that W is actually diffeomorphic to D∗Tn.
Non–existence of symplectically aspherical fillings of BO(D∗Sn, τ).
The Bourgeois construction naturally yields an S1–equivariant contact structures
on V × T2 with respect to the S1-factors of the torus (cf. [DG12, Section 5.3]).
Furthermore, these S1–equivariant contact structures are naturally supported by
a SOBD with 2–dimensional cylindrical pages. We point out that the SOBD for
Bourgeois structures obtained in this way is different from the ones used in the
proof of Theorem B, and is actually an S1–equivariant SOBD that already appeared
in [Mor17a, Sections 5.1, 5.2].
Given a symplectically aspherical filling W , one can then study the moduli space
of cylinders associated with this SOBD exactly as in the previous cases. One can
show that this moduli space has no multiple–level or nodal degenerations. More
precisely, bubbling is ruled out by the symplectically–asphericity assumption. The
absence of multiple level buildings and nodal curves with non–trivial vanishing cycle
in the Gromov compactification is ensured by the fact that the asymptotics of the
cylinders in the moduli space are non–contractible in the filling. This follows from
the study of the topology of the capped filling Wcap obtained by spine removal
surgery on ∂W equipped with this alternative SOBD as in the proof of Theorem B.
Finally, as in the case of S∗Tn, one can prove that the filling is actually dif-
feomorphic to W0 = D
∗Sn × D∗T2. However, from a smooth point of view, the
boundary of W0 is BO(D
∗Sn, Id) = OBD(D∗Sn, Id) × T2, which is not diffeomor-
phic to S2n+1 × T2 = BO(D∗Sn, τ), thus concluding the proof of Theorem H.
Outline of the paper. In Section 2 we review the Bourgeois construction. Sec-
tion 3 contains the construction of the “pair of pants” cobordism in Figure 1 and the
spine removal surgery cobordism for Bourgeois contact structures. Section 4 gathers
some results from 3–dimensional topology and some geometric group theory related
to the mapping class group, and contains the proof of the Factorization Lemma. In
11
Section 5 we prove Theorem A on the tightness of 5–dimensional Bourgeois contact
manifolds. Section 6 contains the study of the topology of the capped filling. In
Section 7, we prove the characterization of strongly fillable 5–dimensional planar
Bourgeois contact manifolds described in Theorem B. Section 8.1 contains the proof
of Theorem G on the diffeomorphism type of symplectically aspherical fillings of
S∗Tn, and Section 8.2 contains the proof of Theorem H on the non-existence of
symplectically aspherical fillings of BO(D∗Sn, τ). Finally Section 9 contains some
further discussion and open problems.
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2 The Bourgeois construction
Consider a closed, oriented, connected smooth manifold V 2n−1 and an open book
decomposition (B, θ), together with a defining map Φ: V → D2 having each z ∈
int(D2) as regular value. Here, B ⊂ V is a closed codimension-2 submanifold,
θ = Φ/ |Φ| : V \B → S1 is a fiber bundle, and Φ is such that Φ−1(0) = B.
A 1-form α on V is said to be adapted to Φ if it induces a contact structure on the
regular fibers of Φ and if dα is symplectic on the fibers of θ = Φ/ |Φ|. In particular,
if ξ is a contact structure on V supported by (B, θ), in the sense of [Gir02], then
(by definition) there is such a pair (α,Φ) with α defining ξ.
With this notation Bourgeois’ construction can be reformulated as follows:
Theorem 2.1. [Bou02b] Consider an open book decomposition (B, θ) of V 2n−1,
represented by a map Φ = (Φ1,Φ2) : V → R2 as above, and let α be a 1-form
adapted to Φ. Then, β := α + Φ1dq1 − Φ2dq2 is a contact form on M := V × T2,
where (q1, q2) are coordinates on T2.
The contact form β on M = V × T2 as above will be called Bourgeois form
associated to (α,Φ) in the following. An immediate corollary of this formulation
combined with Gray’s stability theorem is the following uniqueness statement, which
will be useful in the following sections:
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Corollary 2.2. If α0 and α1 are homotopic, among 1-forms adapted to Φ, then
the associated β0 and β1 on M = V × T2 induce the same contact structure up to
isotopy.
Remark 2.3. The contact structure determined by a Bourgeois contact form is
stable up to contactomorphism under finite covers of the torus factor. Indeed, up
to precomposing by an automorphism of T2, any such cover is of the form
(q1, q2) 7−→ (kq1, q2) .
Pulling back gives a contact form βk = α + kΦ1dq1 − Φ2dq2 and a straightforward
calculation shows that linear interpolation gives a family of contact forms.
Remark 2.4. As done in [LMN18], one could reformulate Theorem 2.1 (and Corol-
lary 2.2) using the language of ideal Liouville domains introduced in [Gir17b], with-
out the need to fix the additional data of Φ and talk about 1–forms adapted to
Φ. However, in most situations, one always has a natural choice for Φ, and all the
1-forms we will deal with are adapted to it, so that the ad-hoc uniqueness statement
in Corollary 2.2 is actually all that we require.
Abstract open books and Bourgeois contact structures. For the proof of
Theorem A, it is also useful to see the Bourgeois construction above as a map that
associates to an abstract contact open book OBD(Σ, ψ) a contact form βΣ,ψ on
the product of its underlying smooth manifold with T2. We briefly recall here the
construction in order to fix some notation. The reader can consult for instance
[Gei08, Section 7.3] for further details.
Consider a Liouville domain (Σ2n−2, λ), together with an exact symplectomor-
phism ψ of (Σ, dλ) (i.e. ψ∗λ = λ−dh, for some smooth h : Σ→ R+), fixing pointwise
a neighborhood of the boundary B := ∂Σ. One can then consider the mapping torus
Σψ of (Σ, ψ), and the abstract open book
VΣ,ψ := (B × D2 unionsq Σψ) /∼ (1)
where ∼ identifies (p, θ) ∈ ∂(B × D2) with [p, θ] ∈ ∂Σψ.
One can also construct a fiberwise Liouville form λψ on the mapping torus
pi0 : Σψ → S1 of (Σ, ψ). For large K  0 the form αK = Kpi∗0dθ + λψ is con-
tact on Σψ. Moreover, it can be extended to a contact form on all of VΣ,ψ by setting
it to be
h1(r)λB + h2(r)dθ on B × D2,
for a well chosen pair of functions (h1, h2), and λB = λ|B. We denote the resulting
contact form on VΣ,ψ by αΣ,ψ.
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In what follows, we will call the manifold VΣ,ψ together with the contact structure
ker(αΣ,ψ) an abstract contact open book, and denote it simply with OBD(Σ, ψ).
Sometimes, we will also use the explicit contact form αΣ,ψ.
We point out that there is a well defined map ΦΣ,ψ : VΣ,ψ → D2 given by extend-
ing the projection to the circle on Σψ by setting
ΦΣ,ψ|B×D2(p, r, θ) = ρ(r)eiθ ∈ D2,
for some non-decreasing function ρ satisfying ρ(r) = r near 0 and ρ(r) = 1 near
r = 1. Notice also that αΣ,ψ is naturally adapted to ΦΣ,ψ (as defined above).
We then denote by βΣ,ψ the Bourgeois form on MΣ,ψ := VΣ,ψ × T2 associated to
(αΣ,ψ,Φ) as in Theorem 2.1, and by ξΣ,ψ the contact structure it defines. Finally we
let BO(Σ, ψ) := (MΣ,ψ, ξΣ,ψ).
Hypertightness for Bourgeois Contact Forms. In the following sections, we
will also need the hypertightness criterion for αΣ,ψ from [Gir17a, Corollary 6.3]. In
order to state it, we first give a definition which will be useful to encode the key
behavior of the dynamics of some Reeb vector fields for ξΣ,ψ:
Definition 2.5. Let (V × T2, ξ) be a contact manifold, and B any subset of the
set of closed Reeb orbits of a contact form β. We say that β has T2-trivial Reeb
dynamics concentrated in B if the image of every closed Reeb orbit not in B under
the projection V × T2 → T2 is homotopically non-trivial.
Remark 2.6. It is a trivial consequence of the above definition that, if every Reeb
orbit in B has non-trivial image via the map induced by the projection V ×T2 → V at
the pi1-level, then the Reeb flow associated to the contact form β has no contractible
closed Reeb orbit, hence (V × T2, ker(β)) is hypertight.
Let us now go back to the case of Bourgeois contact forms. A straightforward
computation (see also the discussion on a supporting SOBD below) gives:
Observation 2.7. [Gir17a] The Bourgeois contact form βΣ,ψ for ξΣ,ψ has T2-trivial
Reeb dynamics concentrated in the set B consisting of the submanifolds γB × {q} ⊂
V × T2, for all q ∈ T2 and all γB closed Reeb orbit of (B,αΣ,ψ|B). In particular, if
the binding (B,αΣ,ψ|B) of the natural open book of VΣ,ψ admits no contractible Reeb
orbits inside VΣ,ψ, then the Bourgeois contact structure ξΣ,ψ is hypertight.
Notice that, in the 3-dimensional case, Observation 2.7 implies that, if the bind-
ing consists of a collection of loops each having infinite order in pi1(V ), then the
associated Bourgeois contact structure is hypertight.
We point out that we will not make use of Observation 2.7 in the proof of
Theorem A. Rather, we will apply directly Remark 2.6 on a another contact form,
which still defines the Bourgeois contact structure up to isotopy (see Lemma 5.1
below).
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A supporting spinal open book decomposition. The following is a geometric
way of understanding the Bourgeois construction, which will be useful in upcoming
sections.
Consider Φ = ΦΣ,ψ = ρe
iθ = (ρ cos(θ), ρ sin(θ)), a defining map for V = VΣ,ψ =
OBD(Σ, ψ), together with the Giroux form α = αΣ,ψ and the associated Bourgeois
form β = βΣ,ψ. Let θ = Φ/|Φ| : V \B → S1 be the open book coordinate.
From Equation (1), we obtain a decomposition
M = V × T2 = B ×D∗T2 ∪ Σψ × T2
Here, we use the identification D∗T2 → D2 × T2 given by
(q1, p1, q2, p2) 7→ (p1,−p2, q1, q2)
We denote by MS := B ×D∗T2, which we call the spine, and MP := Σψ × T2,
the paper. We also have an iterface region MI ∼= B × [−, ]× T2, corresponding to
the region where MS and MP glue together. Observe that we have fibrations
piS : MS → D∗T2,
piP : MP → S∗T2 = T3,
where the monodromy of piP coincides with ψ along the cotangent S1-direction, and
is trivial along T2. The map piS has contact fibers and Liouville base, whereas piP
has contact base and Liouville fibers. This is a spinal open book decomposition or
SOBD for M (see [LVHMW18] for the 3-dimensional notion, and [Mor17b] for a
higher-dimensional one). Observe that the fibers of piP , the pages of the SOBD,
coincide with the pages of the OBD for V . One may also view the SOBD as a
fibration piP : M\B → S1 × T2, where we define the binding of the SOBD as B =
B×{r = 0}×T2 ⊂ B×D2×T2 = MS. This fibration has fibers which symplectically
are copies of the Liouville completion of the page Σ, and has monodromy ψ along
the first factor, and trivial along the second one.
The Bourgeois contact structure ξ = ξΣ,ψ is “supported” by the SOBD described
above, in a sense which we now describe.
Observe that, via the identification D∗T2 → D2 × T2 above, we have
β|MS\MI = α + λstd = λ′ + h1(r)λB,
where λstd = p1dq1 + p2dq2 is the standard Liouville form on D
∗T2, α = h1(r)λB +
h2(r)dθ near B and λ
′ := λstd + h2(r)dθ, which is easily checked to be a Liouville
form on T ∗T2. In other words, β|MS\MI is a split contact form, having a Liouville
summand, and a contact summand. Note also that on MS\MI the Reeb vector field
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Rβ of β agrees with RB over the binding B, and is transverse to the pages away
from it.
Similar remarks hold along MP\MI , where β splits into a Liouville summand and
a contact summand. In particular, the restriction of dβ to the pages of the SOBD is
a positive symplectic form, and the Reeb vector field is transverse to the pages, being
tangent to the T2 factor. In other words, the contact structure, the contact form,
as well as the Reeb dynamics of β are “compatible” with the underlying geometric
decomposition. This interpretation also allows us to reobtain Observation 2.7. It
then makes sense to make the following:
Definition 2.8. We will say that a contact form is a Giroux form for this SOBD if
the contact structure it induces is isotopic to the contact structure induced by the
above β.
3 Two cobordisms for Bourgeois contact struc-
tures
We present here two cobordisms involving Bourgeois contact structures. In Sec-
tion 3.1 we describe a strong (actually, pseudo–Liouville) cobordism between Bour-
geois contact manifolds with the same page. Its purpose is to relate the Bourgeois
manifold coming from two different monodromies to the one coming from their
composition, and it will be used in the proof of Theorem A. Section 3.2 describes
a cobordism from a Bourgeois contact manifold to a stable Hamiltonian manifold,
which is obtained by attaching a symplectic handle over the spine of the former.
This will be used in the proof of Theorem B.
3.1 From disjoint union to composition of monodromies
Let (Σ2n−2, λ) be a Liouville manifold, and let φ be an exact symplectomorphism
relative to the boundary. Notice that the boundary (B, λB) := (∂Σ, λ|∂Σ) can
naturally be seen as the “binding” submanifold of the associated open book. For
each q ∈ T2, we also let Bq be B × {q} ⊂ VΣ,φ × T2 = MΣ,φ.
The aim of this section is to give a proof of the following result (recall Figure 1):
Theorem 3.1. There is a smooth cobordism C from MΣ,ψ
⊔
MΣ,φ to MΣ,ψ◦φ. This
cobordism is smoothly a product C0 × T2, where C0 is a smooth cobordism from
VΣ,ψ
⊔
VΣ,φ to VΣ,ψ◦φ. Moreover, there is a symplectic form ωC on C which satisfies
the following properties:
1. ωC admits local Liouville forms λ+ and λ− near MΣ,ψ◦φ and MΣ,ψ
⊔
MΣ,φ
respectively, satisfying:
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(a) λ+ induces a contact form on MΣ,ψ◦φ which defines, up to isotopy, the
Bourgeois contact structure ker(βΣ,ψ◦φ),
(b) λ− induces a contact form on MΣ,ψ
⊔
MΣ,φ, which has (on each connected
component) T2-trivial Reeb dynamics concentrated in {Bq}q∈T2, and is
homotopic to βΣ,φ, through contact forms whose restriction to each Bq is
λB (up to a positive scalar multiple);
2. ωC admits a global primitive ν which coincides with λ+ at the convex boundary
and such that ν|Bq = λ−|Bq for each Bq ⊂MΣ,ψ
⊔
MΣ,φ.
Item 1 means in particular that, up to attaching cobordisms at its ends, (C, ωC)
is a strong symplectic cobordism with convex boundary BO(Σ, φ ◦ ψ) and concave
boundary BO(Σ, φ) unionsqBO(Σ, ψ).
Notice that we do not claim that the global 1-form ν defines a contact structure
at the concave boundary. In other words, the cobordism we give is not claimed to be
Liouville (see Remark 3.2), but just pseudo-Liouville (as defined in the introduction).
Lastly, we point out that Theorem 3.1 can be thought of as a “stabilized” version
of [Avd12, Proposition 8.3] and [Klu18, Theorem 1]. In fact, smoothly (but not
symplectically), the cobordism C is just the product of the cobordism from [Avd12,
Klu18] with T2.
We now proceed to give a proof of Theorem 3.1, following very closely, with some
adaptations, the one given in [Klu18].
Some notation We start by completing the Liouville domain (Σ, ω = dλ) and by
defining an auxiliary function τ on the completion.
Let Y be the Liouville vector field on (Σ, ω = dλ) defined by ιY ω = λ. By the
definition of Liouville manifold, Y is positively transverse to B = ∂Σ. Consider a
collar neighborhood (−δ, 0]×B of B inside Σ, with coordinates (t, q) ∈ (−δ, 0]×B,
where Y = ∂t. We then extend (Σ, λ) to a complete Liouville manifold (Σ̂, λ̂) given
by setting Σ̂ = Σ ∪ [0,+∞)×B and
λ̂ =
{
λ on Σ
etλB on [0,+∞)×B.
Let ω̂ = dλ̂. We denote by Ŷ the natural extension of this Liouville vector field on
Σ to Σ̂. Consider then a smooth function τ : Σ̂→ R>0 such that:
1. τ = −δ on Σ̂ \ (−δ,+∞)×B;
2. ∂τ
∂t
> 0 and τ = τ(t) on (−δ,+∞)×B;
3. τ(t, q) = t on [0,+∞)×B.
Notice in particular that dτ(Y ) > 0 on (−δ,+∞)×B.
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A toroidal pair of pants cobordism in dimension 4. We also describe a
strong 4-dimensional symplectic cobordism with concave end consisting of two dis-
joint copies of the standard tight contact structure ξstd on T3 and convex end con-
sisting of a single copy of it. To this end, consider the unit disk cotangent bundle
D∗T2 of T2, together with its standard symplectic structure ωstd = dλstd, where in
coordinates λstd = p1dq1 + p2dq2 is the standard Liouville form. To be precise, we
need to work with scalar multiples Kωstd and Kλstd, where K is a positive real con-
stant that will be determined later on in the proof. This gives a Weinstein (hence
strong) symplectic filling of (T3, ξstd). We denote by X the Liouville vector field
p1∂p1 + p2∂p2 .
Consider the submanifold D∗T2 of D∗T2 made of those covectors of norm less
than a certain  < 1/10, and denote by j± : D∗T2 → D∗T2 the symplectomorphisms
(p1, q1, p2, q2)
j±7−→ (p1 ± 1/2, q1, p2, q2).
For ease of notation, we consider the inclusion
j = j− unionsq j+ : (D∗T2, Kωstd) unionsq (D∗T2, Kωstd)→ (D∗T2, Kωstd).
Then, the desired cobordism is (Q,ωQ) := (D
∗T2 \ j(D∗T2), Kωstd). The Liouville
field on a neighbourhood of the convex boundary is just given by X, whereas the one
near the concave boundary is given by j∗X, which is the vector field (p1∓ 1/2)∂p1 +
p2∂p2 on the image of j± respectively.
Remark 3.2. Observe that the Liouville vector field X is not inward pointing
along the boundary of the image of j. Here is where the Liouville condition fails, as
explained after the statement of Theorem 3.1. In fact, one can prove that there is
no Liouville cobordism having two disjoint copies of (T3, ξstd) as concave boundary
and (T3, ξstd) as its convex boundary. This can be shown using the classification (up
to symplectic deformation and blowups) of strong fillings of (T3, ξstd) in [Wen10c],
the nearby Lagrangian conjecture for T2 proven in [DRGI16] and the fact that the
Lagrangian Floer homology of the zero section of a cotangent bundle is non-trivial.
As a consequence, it seems rather unlikely that the cobordism in Theorem 3.1 can
be upgraded to a Liouville cobordism.
Lastly, we consider an auxiliary smooth function f : T ∗T2 → R, which satisfies:
1. f = p21 + p
2
2 on T
∗T2 \D∗T2,
2. f = (p1 ∓ 1/2)2 + p22 on the image of j± respectively,
3.  < f < 1 on the interior of Q.
Notice that Items 1 and 2 imply in particular that df(X) > 0 in a neighborhood of
∂(D∗T2), and df(j∗X) > 0 on all the image of j (and not only on a neighbourhood
of the concave boundary of the cobordism Q).
18
B XC t�� = X T2
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Figure 2: Picture of the submanifold (with corners) Ctop ⊂ Σ̂ × T ∗T2. Here, we
identify T ∗T2 = R2 × T2 and Σ̂ \ Σ = B × [0,+∞), with coordinate t ∈ [0,+∞).
Description of the cobordism We are now ready to give a proof of Theorem 3.1.
We start by describing the strong cobordism (C, ωC) as obtained by gluing two
pieces, which are described separately. We then conclude by verifying that it also
satisfies the desired properties as in Theorem 3.1.
Piece 1. Consider (Σ̂ × T ∗T2, Ω̂), where Ω̂ = ω̂ + Kωstd, ωstd denotes the
standard symplectic form on T ∗T2 and K > 0 will be determined later on. We then
define (cf. Figure 2)
Ctop :=
{
(x, q, p) ∈ Σ̂× T ∗T2 | τ ≥ 0, τ 2 + f 2 ≥ 2, τ 2 + |p|2 ≤ 1
}
. (2)
The boundary of (Ctop, Ω̂) has the following two “distinguished portions”:
∂−Ctop :=
{
(x, p, q) ∈ Σ̂× T ∗T2 | τ ≥ 0, τ 2 + f 2 = 2
}
,
∂+Ctop :=
{
(x, p, q) ∈ Σ̂× T ∗T2 | τ ≥ 0, τ 2 + |p|2 = 1
}
Moreover, there are Liouville forms on Ctop as follows:
1. νtop := ι(Y+X)Ω̂ on all of Ctop;
2. λ−top := ι(Y+j∗X)Ω̂ near ∂−Ctop.
We also denote by λ+top the restriction of νtop near ∂+Ctop.
An explicit computation shows that (Y +X) t ∂+Ctop and (Y + j∗X) t ∂−Ctop,
so that λ±top induces a contact structure on ∂±Ctop. Notice however that νtop does
not induce a contact structure on ∂−Ctop.
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Σ XC �� = X T2'
Figure 3: Picture of the submanifold (with corners) C ′bot ⊂ Σ̂× T ∗T2.
Piece 2. Consider the subset
C ′bot := {(x, q, p) ∈ Σ̂× T ∗T2 | τ ≤ 0,  ≤ f ≤ 1} = Σ×Q ⊂ Σ̂× T ∗T2 ,
as pictured in Figure 3. Here, there are again “distinguished portions” of the bound-
ary, whose union is just Σ× ∂Q:
∂−C ′bot :=
{
(x, p, q) ∈ Σ̂× T ∗T2 | τ ≤ 0, f = 
}
,
∂+C
′
bot :=
{
(x, p, q) ∈ Σ̂× T ∗T2 | τ ≤ 0, f = 1
}
;
Moreover, we have the obvious symplectic form ω′C,bot on C
′
bot ⊂ Σ× T ∗T2 given by
restricting ω +Kωstd = dλ+Kdλstd. We set ν
′
bot := λ+Kλstd on all C
′
bot to be the
obvious primitive. We then have the following local Liouville forms:
1. λ+bot = ν
′
bot = λ+Kλstd on a neighborhood of ∂+C
′
bot,
2. λ−bot = λ+K(j
−1)∗λstd on a neighborhood of ∂−C ′bot.
Remark 3.3. In the case of trivial monodromies φ = ψ = Id in the hypothesis
of Theorem 3.1, the desired (C, ωC) is just given by gluing Ctop and C
′
bot along the
subsets where {τ = 0}. Thus, in this case we have
C =
{
τ ≥ 0, τ 2 + f 2 ≥ 2, τ 2 + |p|2 ≤ 1} ∪ {τ ≤ 0,  ≤ f ≤ 1} ⊂ Σ̂× T ∗T2 .
Notice that the symplectic structures and Liouville forms on the two pieces trivially
glue in this case (to give the restriction of the ones of the ambient space Σ̂×T ∗T2).
However, the case of trivial monodromies is not very interesting for our purposes,
because we already know that the resulting Bourgeois contact structures are Stein
fillable according to [LMN18], and are therefore tight.
We now modify C ′bot by cutting and regluing to take into account the mon-
odromies φ and ψ as follows. Consider the two submanifolds
T1 := {(p1, q1, p2, q2) ∈ D∗T2 | p1 ∈ [−1,−1/2− ], p2 = 0} ,
T2 := {(p1, q1, p2, q2) ∈ D∗T2 | p1 ∈ [1/2 + , 1], p2 = 0} ,
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Φ-1 Ψ
T1 T2
Figure 4: Picture of the “cobordism with corners” Cbot.
and denote by T their disjoint union T1unionsqT2. We can then cut C ′bot along Σ×T and
glue back via the diffeomorphism Ψ of Σ× T defined as follows:
Ψ(x, q) =
{
(φ−1(x), q) if q ∈ T1,
(ψ(x), q) if q ∈ T2.
See Figure 4. We denote the result of this cut and paste procedure by Cbot. Notice
that there is a natural fiber bundle structure pi : Cbot → Q, with fiber Σ. Moreover,
as φ and ψ act trivially near ∂Σ, Cbot is just a product B × (−, 0] × Q near its
boundary component B × Q. Lastly, we point out that there are again two “dis-
tinguished portions” of the boundary of Cbot, denoted by ∂−Cbot and ∂+Cbot, which
come from ∂−C ′bot and ∂+C
′
bot respectively.
As both φ and ψ are symplectomorphisms of (Σ, ω), the symplectic form ω on
Σ induces a 2-form ωfibbot on Cbot which is symplectic on each fiber of pi. We then
consider ωC,bot = ω
fib
bot +Kpi
∗ωstd, where ωstd is the standard symplectic structure on
Q ⊂ T ∗T2.
Since the monodromies are given by exact symplectomorphisms, relative to the
boundary, one also has the following:
Fact 3.4. There is a primitive λfibbot of ω
fib
bot on Cbot that is Liouville on each fiber of
pi and such that:
1. λfibbot = e
tλ|B = etλB on the neighborhood B × (−, 0]t ×Q of B ×Q in Cbot;
2. The restriction to ∂+Cbot = Σφ◦ψ×T2 and ∂−Cbot = (Σφ unionsq Σψ)×T2 coincides,
respectively, with λφ◦ψ and λφ unionsq λψ (defined as in Section 2).
Consequently we have the following two Liouville forms for ωC,bot:
1. νbot := λ
fib
bot +Kpi
∗λstd on all Cbot;
2. λ−bot := λ
fib
bot +Kpi
∗(j∗λstd) on a neighborhood of ∂−Cbot.
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We also denote by λ+bot the restriction of νbot to a neighborhood of ∂+Cbot.
An explicit computation shows that, for K > 0 sufficiently large, λ±bot induces a
contact structure on ∂±Cbot. We hence fix K such that this contact condition at the
boundary is satisfied. Note however that νbot does not induce a contact structure
on ∂−Cbot.
The cobordism C. Notice that, as the monodromies are trivial near ∂Σ, the
pieces Ctop and Cbot fit together well along {τ = 0} ⊂ Ctop and {τ = 0} ⊂ Cbot and
we denote the glued manifold by C.
Obviously, C is smoothly a product C0 × T2. Moreover, the boundary of C
decomposes naturally into positive and negative parts ∂−C := ∂−Cbot ∪ ∂−Ctop and
∂+C := ∂+Cbot ∪ ∂+Ctop respectively.
From the symplectic point of view, C inherits a symplectic structure ωC from Cbot
and Ctop. Moreover, the Liouville forms νtop, λ
+
top and λ
−
top on Ctop glue together with
their bot-counterparts on Cbot, giving a global primitive ν for the symplectic form
ωC and local Liouville forms λ+ and λ− on the respective boundary components.
For each q ∈ T2, we now denote by B±q the submanifold (actually, circles, when
n = 2) given by the subset {τ = max∂±C(τ)}∩ (C0×{q}) of C = C0×T2. The rest
of the proof of Theorem 3.1 is now slightly technical. We hence summarize all that
is left to prove in the following claim:
Claim 3.5. The 1-forms ν, λ+ and λ− described above satisfy the following proper-
ties:
1. The restrictions λ+|∂+C and λ−|∂−C have T2-trivial Reeb dynamics concen-
trated in B± = {B±q }q∈T2;
2. For each q ∈ T2, we have ν|B−q = λ−|B−q ;
3. The contact manifolds (∂+C, ker(λ+|∂+C)) and (∂−C, ker(λ−|∂−C)) are contac-
tomorphic to
(MΣ,φ◦ψ, ker(βΣ,φ◦ψ)) and (MΣ,φ, ker(βΣ,φ)) unionsq (MΣ,ψ, ker(βΣ,ψ)) respectively.
Moreover, under this contactomorphism, ∂+C0 and ∂−C0 are identified with
VΣ,φ◦ψ, VΣ,φ unionsq VΣ,ψ respectively, and B±q is identified with B± × {q}, where
B+, B− is the binding of VΣ,φ◦ψ, VΣ,φ unionsq VΣ,ψ respectively.
Proof (Claim 3.5). Item 2 follows from a straightforward computation; its proof is
hence omitted.
We give an explicit proof of Item 1 in the case of ∂+C. The proof in the case of
the other connected components is completely analogous.
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We start by analyzing the Reeb dynamics on ∂+Ctop. Recall that we defined a
real valued function τ on Σ̂, which just coincides with the coordinate t ∈ [0,+∞)
on Σ̂ \ int(Σ) = [0,+∞)×B. Then, ∂+Ctop admits a parametrization
B ×D∗T2 −→ ∂+Ctop ⊂ [0,+∞)×B ×D∗T2
(x, p1, q1, p2, q2) 7−→ (
√
1− |p|2, x, p1, q1, p2, q2).
In this parametrization, λ+|∂+C becomes
e
√
1−|p|2λB +Kp1dq1 +Kp2dq2 ,
and an explicit computation shows that its Reeb vector field is of the form
F (|p|)RB −G(|p|) (p1∂q1 + p2∂q2) ,
where F,G : [0, 1) → R>0 are smooth functions such that F (0) = 1, G(0) = 0 and
G(|p|) > 0 if |p| > 0. In particular, it has T2-trivial Reeb dynamics concentrated
in B+ = {p1 = p2 = 0} ∩ ∂+Ptop, which consists exactly of orbits of the form B±q
for q ∈ T2, as desired. Notice moreover that the orbit of every point in ∂+Ctop is
entirely contained in ∂+Ctop (i.e. does not enter ∂+Cbot).
We now analyze the orbits in ∂+Cbot. Recall that on the total space of pi : Cbot →
Q we have
λ+ = λfib +Kpi
∗λstd = λfib +Kpi∗(ιXωstd) .
Hence, the sub-bundle ker(dλ+|∂+Cbot) of T (∂+Cbot) projects to the sub-bundle of
T (S∗T2) given by the kernel of d(sin θdq1 + cos θdq2). Here, θ is the angular co-
ordinate associated to the coordinates (p1, p2) on the cotangent fibers of T
∗T2. In
particular, the Reeb orbit of every point in (∂+Cbot, λ+|∂+Cbot) stays entirely in ∂+Cbot
and, in the case of closed orbits, has homotopically non-trivial projection on T2. This
concludes the proof of Item 1.
The only thing left to prove is Item 3. We describe how to obtain a contactomor-
phism of a connected component of (∂+C, ker(λ+|∂+C)) with (MΣ,φ◦ψ, ξΣ,φ◦ψ). The
other components of ∂C can be dealt with in a similar fashion.
As already remarked above, ∂+C = ∂+C0 × T2; more precisely, the parametrization
given above and Fact 3.4 give a natural identification ∂+C0 = VΣ,φ◦ψ as smooth
manifolds. Consider then the following linear interpolation of 1-forms on VΣ,φ◦ψ:
αs :=
{
(1− s)e
√
1−|r|2λB + s(h1λB + h2dθ) on B × D2 ⊂ ∂+C0
αΣ,φ◦ψ on Σφ◦ψ ⊂ ∂+C0
,
where, (r, θ) are polar coordinates on D2 and h1 and h2 are as in Section 2. Notice
that the two 1-forms that are being interpolated on B×D2 both coincide with αΣ,φ◦ψ
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on a neighborhood of B × ∂D2, so that αs above is well defined. Moreover, for each
s ∈ [0, 1], the 1-form is adapted to the natural open book map ΦΣ,φ◦ψ : VΣ,φ◦ψ → R2.
Now, an explicit computation shows that λ+|∂+C on ∂+C = MΣ,φ◦ψ is the Bour-
geois form associated to (α0,ΦΣ,φ◦ψ) (as in Theorem 2.1), whereas βΣ,φ◦ψ is the one
associated to (α1,Φ). Corollary 2.2 then tells us that they define isotopic contact
structures on ∂+C = MΣ,φ◦ψ, as desired.
3.2 Spine removal cobordism
Consider an open book OBD(Σ, ψ) with surface page. The aim in this section is
to construct a symplectic cobordism having BO(Σ, ψ) as strong concave end, and a
fiberwise-symplectic fibration over S∗T2 as stable convex end. Here, stable convex
end means convex end of a strong symplectic cobordism between stable Hamiltonian
structures (SHS), as defined in [CV15, Definition 6.2].
This is a particular case of a more general construction for SOBDs, called spine
removal surgery, which has been defined in dimension 3 in [LVHMW18], and gen-
eralizes a part of Eliashberg’s capping construction (namely, [Eli04, Theorem 1.1])
that uses 3-dimensional open books. Similar higher-dimensional constructions have
also appeared in [AM18,DGZ14]. The proofs below will follow along similar lines as
those in Section 3.1.
Theorem 3.6. Let OBD(Σ, ψ) be an open book with surface page. Consider the
closed surface (Σ̂, ω̂) obtained from Σ by capping by discs along B, and let ψ̂ be the
natural extension of ψ to Σ̂ by the identity.
Then there exists a symplectic cobordism (C, ωC) having BO(Σ, ψ) as strong concave
end, and (X,H = (λX ,ΩX)) as stable convex end, where:
1. X = Σ̂ψ̂ × T2 is the total space of a fiberwise-symplectic Σ̂-fibration
ϑ : (X = Σ̂ψ̂ × T2, ωfib)→ T3 = S1 × T2 , ϑ(x, q) = (ϑ′(x), q) ,
where ϑ′ : (Σ̂ψ̂, ωfib)→ S1 is a symplectic fibration with monodromy ψ̂;
2. λX = ϑ
∗αstd and ΩX = ϑ∗dαstd +ωfib, where αstd = dθ+ cos θ dq1− sin θ dq2 is
the standard contact form on T3, with coordinates (θ, q1, q2) ∈ T3 = S1 × T2.
Moreover, (C, ωC) can be seen as attaching the symplectic handle H := ((Σ̂ \ Σ) ×
D∗T2, ω˜ ⊕ ωstd) to the convex boundary BO(Σ, ψ) × {1} of the trivial cobordism
BO(Σ, ψ)× [0, 1] along its spine MS × {1} = B ×D∗T2 × {1}.
We will refer to the submanifolds of the form {0} × D∗T2 as co-cores of the
handle H. In what follows we will actually just need the following:
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Corollary 3.7. Let OBD(Σ, ψ) be an open book with planar page (i.e. a surface
of genus zero). Then, there exists a symplectic cobordism (C, ωC) having BO(Σ, ψ)
as strong concave end, and (T3 × S2,H) as stable convex end, where the stable
Hamiltonian structure H = (λ,Ω) is given by
λ = αstd, Ω = dαstd + ωS2 ,
with αstd the standard contact form on T3 = S∗T2 and ωS2 an area form on S2.
Proof (Corollary 3.7). Let (X,ωfib) → S∗T2 be given as in Theorem 3.6. In the
case of planar 2-dimensional page Σ, the closed surface Σ̂ obtained by capping B is
a sphere. In particular, ψ̂ is smoothly isotopic to Id, and by Moser Stability [Mos65]
it is also symplectically-isotopic to the identity.
This means that there is bundle isomorphism from (X,ωfib) → S∗T2 to ϑ0 :=
prS∗T2 : (S
∗T2×S2, ωS2)→ S∗T2, where ωS2 is an area form on S2, so that the fiber-
wise symplectic forms agree on each fiber. As X = Σ̂ψ̂×T2, this bundle isomorphism
splits of a T2 in a way compatible with the fiberwise symplectic structure.
Hence, the closed forms ωfib and ωS2 considered on the bundle Σ̂ψ̂ → S1 differ by
an exact form. In particular, the bundle is a product and taking products with an
interval we can construct a closed form Ω on Σ̂ψ̂×[0, 1]→ S1×[0, 1] agreeing with the
respective fiberwise symplectic forms near the boundary components. Now identify
the interval coordinate with that given by flowing under the stabilizing vector field
Y , which is just the radial vector field on the disc fibers of D∗T2 near its boundary.
Then taking the product with T2 we get a symplectic form that can be glued to the
convex end of the cobordism given by Theorem 3.6 so that the stable Hamiltonian
structure H on X = S∗T2 × S2 is - up to multiplying by a constant - given by the
product structure (αstd, dαstd + ωS2) as desired.
Proof (Theorem 3.6). Without loss of generality, we suppose that ψ is the identity
on a neighborhood of the boundary of Σ and that ψ preserves the primitive an area
form ω = dλ. Consider then a collar neighborhood N := B× (−δ, δ) of B := ∂Σ in
Σ̂, in such a way that N ∩Σ = B× (−δ, 0], that ψ|N∩Σ = IdN∩Σ, that λ|N∩Σ = esλB
and ω|N = d(esλB), where s ∈ (−δ, δ) and λB is the nonwhere vanishing 1-form
on B given by the restriction of λ. Denote also by ω̂ an extension of dλ to Σ̂ that
equals d(esλB) on N .
Fix also an auxiliary smooth function f : Σ̂→ R satisfying the following:
• f = −2 on Σ \ N ,
• f = 2 on Σ̂ \ (Σ ∪N ),
• f depends only on the coordinate s ∈ (−δ, δ) on N = B×(−δ, δ), with respect
to which is non-decreasing,
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Figure 5: The manifold with corners Cbot, obtained by cut-and-paste from C
′
bot.
• f = 0 on a neighborhood of B × {0} ⊂ N .
Consider then the symplectic manifold (Σ̂ × T ∗T2, ω = ω˜ ⊕ ωstd), where ωstd is
the standard symplectic structure on T ∗T2 coming from the Liouville form λstd :=
p1dq1 + p2dq2. We can then consider the following subsets of Σ̂× T ∗T2:
Ctop := { (x, p, q) ∈ Σ̂× T ∗T2 | f(x) ≥ 0 , |p|2 + f(x)2 ≥ 1 , |p| ≤ 3} ,
C ′bot := { (x, p, q) ∈ Σ̂× T ∗T2 | f(x) ≤ 0 , 1 ≤ |p| ≤ 3} .
Their boundaries have the following two “distinguished” parts:
1. ∂+Ctop := {|p| = 3} ⊂ Ctop and ∂+C ′bot := {|p| = 3} ⊂ C ′bot;
2. ∂−Ctop := {|p|2 + f 2 = 1} ⊂ Ctop and ∂−C ′bot := {|p| = 1} ⊂ C ′bot.
Remark 3.8. Notice that the union C ′bot ∪ Ctop is nothing else than
C ′ := { (x, p, q) ∈ Σ˜× T ∗T2 | 1 ≤ |p|2 + (max(f(x), 0))2 ≤ 9} ,
which is a cobordism with smooth boundary. Moreover, equipped with the restric-
tion ω of the ambient symplectic form, (C, ω) is the desired cobordism, in the case
of trivial monodromy ψ = IdΣ. In order to take into account a possibly non-trivial
monodromy ψ, we are now going to modify the C ′bot part (together with its sym-
plectic structure).
As depicted in Figure 5, we now cut C ′bot along T := {p2 = 0, p1 < 0} ⊂ Cbot,
and glue it back via the diffeomorphism
Ψ: Σ× T → Σ× T
(x, q, p) 7→ (ψ−1(x), q, p)
We denote the result of this cut and paste procedure by Cbot. Notice that there are
two distinguished portions ∂±Cbot of the boundary of Cbot coming from ∂±C ′bot.
Denote by Q the subset {1 ≤ |p| ≤ 3} of T ∗T2. As ψ is an exact symplectomor-
phism of (Σ, λ), one has the following:
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Fact 3.9. There is a 1-form λfibbot on Cbot that is fiberwise-Liouville with respect to
the natural fibration structure Cbot → Q, with fiber Σ = {f ≤ 0} ⊂ Σ̂, induced by
the natural projection C ′bot = {x ∈ Σ̂|f(x) ≤ 0} × Q → Q. Moreover, as ψ̂ is the
identity on N , one can also arrange that λfibbot |Σ∩N = esλB on N ×Q ⊂ Cbot.
We denote by ωfibbot the exterior derivative dλ
fib
bot , which is a fiberwise-symplectic
structure on Cbot → Q.
Notice that (Cbot, ω
fib
bot ⊕ ωstd) glues to (Ctop, ω̂ ⊕ ωstd) along the subsets {f = 0}
(identified via the identity map); we denote the resulting symplectic cobordism
by (C, ωC). We also point out that ∂C has two connected components, namely
∂+C = ∂+Ctop∪∂+Cbot and ∂−C = ∂−Ctop∪∂−Cbot. We are now going to prove that
(C, ωC) satisfies the desired properties.
There is a natural Liouville vector field near ∂−C, which is inwards-pointing and
is defined as follows. Along ∂−Ctop ⊂ N × T ∗T2, it is just given by ∂s + p1∂p1 +
p2∂p2 , where s ∈ (−δ, δ). Along ∂−Cbot, it is given by the sum of the standard
Liouville vector field p1∂p1 + p2∂p2 on T
∗T2 and the vector field tangent to the
fibers of Cbot → Q given by the ωfibbot -dual of λfibbot . Moreover, one can prove as in
Claim 3.5 above that the contact structure induced by the restriction α− to ∂−C of
the contraction of the symplectic form on C with such Liouville field gives a contact
manifold (∂−C, ker(α−)) which is contactomorphic to BO(Σ, ψ), as desired.
It is clear that the positive boundary component ∂+C has the structure of a
Σ̂-fibration ϑ : ∂+C → S∗T2. From a symplectic point of view, ω̂ on Σ̂ naturally
gives a fiberwise-symplectic structure ωfib. Moreover, by construction, the fibration
is trivial over the factor T2 of the base S∗T2 = S1 × T2, and has monodromy ψ̂ on
the cotangent S1-factor. This proves Item 1.
For Item 2, notice that the Liouville vector field Y = p1∂p1 + p2∂p2 on the T
∗T2
factor gives a stabilizing vector field on a neighbourhood of ∂+C, transverse to it
and outwards pointing. An explicit computation shows that the restriction of the
symplectic form ωC on C to ∂+C is given by Kϑ
∗dαstd +ωfib, where K is a positive
real constant. Up to rescaling the symplectic form used on the T ∗T2 factor by 1/K,
one can then achieve the equality ωC |∂+C = ϑ∗dαstd+ωfib. Moreover, ιY ωC = ϑ∗αstd.
Then, the pair (ϑ∗αstd, ωC |∂+C) gives ∂+C the structure of stable convex end of the
symplectic manifold (C, ωC), as desired.
The last thing left to prove is that such cobordism can be described as attaching
a symplectic handle to BO(Σ, ψ). In order to see this, we subdivide Ctop in the
following two regions:
Ctrivtop := { (x, p, q) ∈ Ctop ⊂ Σ̂× T ∗T2 | |p|2 + f(x)2 ≤ 3 } ,
H := { (x, p, q) ∈ Ctop ⊂ Σ̂× T ∗T2 | |p|2 + f(x)2 ≥ 3 , |p| ≤ 3} .
Now, the union of Ctrivtop and Cbot gives a trivial symplectic cobordism from
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BO(Σ, ψ) to itself. Indeed, there is a globally defined Liouville vector field trans-
verse to the two boundary components: on Ctrivtop this is given by the sum of the
standard Liouville field on T ∗T2 and of the Liouville field ∂s on N ⊂ Σ̂ and on Cbot
by the sum of the fiberwise-Liouville field associated to λfibbot from Fact 3.9 and of
the standard Liouville field on Q ⊂ T ∗T2.
Finally, H has a natural symplectic structure induced by the ambient space Σ̂×
T ∗T2 and is symplectically deformation equivalent to a product (Σ̂\Σ)×D∗T2.
4 Factorizing the monodromy
Let Σ denote a connected orientable surface with boundary. We will denote the
mapping class group as MCG(Σ), which is defined to be the set of isotopy classes
of orientation preserving homeomorphisms of Σ; note that we do not require these
homeomorphisms to fix the boundary components. This group is naturally iso-
morphic to the group of isotopy classes of homeomorphisms of the corresponding
punctured surface. One may also consider MCG(Σ, ∂Σ) of mapping classes fixing
the boundary. There is a natural map
MCG(Σ, ∂Σ) −→MCG(Σ)
whose kernel is generated by boundary parallel Dehn twists.
We will refer to a surface as sporadic if it is either a disc, an annulus or a pair of
pants. These cases correspond to the mapping class group being virtually abelian.
The aim of this section is to prove the following:
Lemma 4.1 (Factorization Lemma). Let φ be a mapping class in MCG(Σ, ∂Σ) for
a non-sporadic surface Σ. Then φ can be factored as φ = φ1◦φ2, where, for each i =
1, 2, φi is such that each connected component of the binding of Vi := OBD(Σ, φi)
has infinite order in pi1(Vi).
A direct consequence of the Factorization Lemma and Observation 2.7 is the
following:
Corollary 4.2. Let φ be a mapping class of a compact, orientable, non-sporadic
surface Σ with boundary. Then φ can be factored as φ = φ1 ◦ φ2, with φ1, φ2 such
that the Bourgeois contact manifolds BO(Σ, φ1) and BO(Σ, φ2) are hypertight.
In order to prove Lemma 4.1, we start by recalling some results from geometric
group theory and 3-dimensional hyperbolic geometry, respectively, in Sections 4.1
and 4.2. Lemma 4.1 is then proven in Section 4.3.
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4.1 Some geometric group theory
Recall that, by the Nielsen-Thurston classification theorem (see for instance [FM12,
Theorem 13.2]), every element inMCG(Σ) orMCG(Σ, ∂Σ) is either pseudo-Anosov,
reducible or of finite order.
We also recall that a quasi-homomorphism on a group G is a function H : G→ R
which satisfies
D(H) := sup
g,h∈G
|H(gh)−H(g)−H(h)| <∞
The quantity D(H) is called the defect of H. Observe that any bounded function
is trivially a quasi-homomorphism. A quasi-homomorphism is called homogeneous
if H(gk) = kH(g) for all k ∈ Z and g ∈ G. It is a standard fact that any quasi-
homomorphism can be made homogenized by an averaging process analagous to the
defintion of the Poincare´ translation number.
The following lemma is direct consequence of (the proofs of) [BF02, Theorem 1]
and [BF07, Proposition 5].
Lemma 4.3. Let Σ be a connected orientable surface with boundary which is not
sporadic. Then there exists a pseudo-Anosov map f on Σ fixing the boundary and
a homogeneous quasi-homomorphism H on G = MCG(Σ, ∂Σ) such that H is un-
bounded on the cyclic subgroup of G generated by f , and H vanishes on the cyclic
subgroups generated by either finite order or reducible elements in G.
In other words, if H is non-zero on 〈φ〉, then φ must be pseudo-Anosov, and the
set of such cyclic subgroups is non-empty.
Corollary 4.4. Let φ be an arbitrary mapping class on a non-sporadic compact,
orientable, surface Σ with boundary, and let f be as in Lemma 4.3. Then, for
sufficiently large k, the mapping class fkφ ∈MCG(Σ, ∂Σ) is pseudo-Anosov.
Proof. Let H be as in Lemma 4.3. By the quasi-homomorphism property, we have
|H(fkφ)| ≥ k|H(f)|+ |H(φ)| − 2D(H), for each k.
Because H(f) 6= 0, the right hand side grows linearly with k, thus there is K0 > 0
such that H(fkφ) 6= 0 for each k > K0. Moreover, by the properties of H, each such
fkφ cannot be reducible or finite order, hence must be pseudo-Anosov.
4.2 Some hyperbolic geometry
We recall the following theorem on hyperbolic mapping tori due to Thurston [Thu98]:
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Theorem 4.5. [Thu98] Let Σ be a compact, orientable surface with boundary and
negative Euler characteristic. If φ is a pseudo-Anosov map on Σ, then the interior
of the associated mapping torus has a complete hyperbolic structure of finite volume.
We will also need another result due to Thurston on Dehn fillings of hyperbolic
manifolds; an introductory account, as well as a detailed proof, can be found for
instance in [Mar16, Chapter 15]. For the reader’s ease, we give here a statement of
such a theorem which is adapted to the specific setting of Section 5 in which we will
apply it.
Let N be an orientable 3-manifold with boundary ∂N a finite union T1unionsq · · · unionsqTc
of 2-dimensional tori. For each i = 1, . . . , c, let also mi, li be generators of pi1(Ti).
For any c-tuple s = (s1, . . . , sc) of Dehn filling parameters, i.e. of pairs si = (pi, qi)
of coprime integers, one can consider the compact (boundary-less) 3-manifold Nfill
obtained by Dehn filling the boundary tori with parameters s = (s1, . . . , sc); more
explicitly, for each i = 1, . . . , c, a solid torus Pi := D2 × S1 is glued to N via the
(unique up to isotopy) gluing map ∂Pi → Ti sending a meridian of ∂Pi to a curve
in the class pimi + qili ∈ pi1(Ti).
Theorem 4.6. [Thu97] In the setting described above, suppose moreover that the
interior of N admits a complete hyperbolic metric of finite volume. Then, there is a
compact set K ⊂ R2 such that, if every Dehn filling parameter si is in R2 \K, the
closed 3-manifold Nfill obtained by Dehn filling N with parameters s = (s1, . . . , sc)
admits a finite–volume complete hyperbolic structure g. Moreover, the cores of the
filling solid tori are closed geodesics of (Nfill, ghyp).
Notice that since each si being a pair of coprime integers, the theorem implies
that the we can ensure that a Dehn filling is hyperbolic by excluding finitely many
values for each slope si.
Remark 4.7. Since the fundamental group of a closed hyperbolic manifold is
torsion-free and its closed geodesics are all non-contractible, the cores of the Dehn
filling tori will have infinite order in pi1(Nfill).
4.3 Proof of the Factorization Lemma
Proof. Let f be a pseudo Anosov map on Σ as in Lemma 4.3. According to Corol-
lary 4.4, fkφ is pseudo Anosov on Σ for sufficiently large k. We then write φ = F ◦G,
where
F = f−k, G = fkφ,
where both are pseudo Anosov for k  0. By Theorem 4.5, the interiors of the
mapping tori associated to (Σ, F ) and (Σ, G) carry complete hyperbolic structures.
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Let γ1, . . . , γn be the components of the boundary ∂Σ. For each i = 1, . . . , n, we
then denote by ci a curve in Σ which is parallel to γi and contained in Σ˚; we can
assume, up to isotopy, that they are pairwise disjoint. We also denote by τ1, . . . , τn
the corresponding right-handed Dehn twists, and
τ := τ1 . . . τn.
Observe that τ r = τ r1 . . . τ
r
n for every r ∈ Z, since the ci’s are disjoint.
Let φ1 := Fτ
r and φ2 := τ
−rG. It is easy to check that the 3-manifolds
OBD(Σ, φ1) and OBD(Σ, φ2) correspond to Dehn fillings of, respectively, the map-
ping tori ΣF and ΣG with respect to Dehn filling parameters s(r) = (s1(r), . . . , sn(r))
and t(r) = (t1(r), . . . , tn(r)) such that |si(r)| , |ti(r)| → +∞ for each i = 1, . . . , n
as r → +∞ Thus, for sufficiently large r, the hyperbolic Dehn filling Theorem
4.6 implies that OBD(Σ, φ1) and OBD(Σ, φ2) carry hyperbolic structures and that
the binding components (which coincide with the cores of the Dehn filling tori) are
geodesics. In particular the latter have infinite order in the fundamental group (see
Remark 4.7). In other words, we have found the desired decomposition φ = φ1 ◦ φ2
as posited in Lemma 4.1.
5 Proof of tightness in dimension 5
The aim of this section is to prove Theorem A from the introduction:
Theorem A (Tightness). For every abstract open book (Σ2, φ), the contact 5–
manifold BO(Σ, φ) is (universally) tight.
Its proof relies on the following lemma, which is an analogue of the well-known fact
that the convex end of a Liouville cobordism with hypertight concave end must be
tight [Hof93,AH09]:
Lemma 5.1. Suppose the connected components of the bindings of both OBD(Σ2, φ)
and OBD(Σ2, ψ) have infinite order in the corresponding fundamental groups. Then,
BO(Σ, φ ◦ ψ) is tight.
The lemma follows from standard holomorphic curve arguments, except for ruling
out holomorphic caps at the negative ends. Here are the details.
Proof. Let (C, ωC) be a symplectic cobordism as in Theorem 3.1. According to Re-
mark 2.6, Item 1b of Theorem 3.1 and our hypothesis onOBD(Σ, φ) andOBD(Σ, ψ),
the Reeb flow of λ−|∂C− has no contractible periodic orbits. We now show that this
implies that BO(Σ, φ ◦ ψ) is tight.
We assume by contradiction that its convex boundaryBO(Σ, φ◦ψ) is overtwisted.
According to [BEM15], this implies the existence of an embedded Plastikstufe PS,
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as defined in [Nie06]. Up to attaching a topologically trivial Liouville cobordism to
(C, ωC) along its positive end, we may then assume that the induced contact form
at the positive end is (a positive multiple of) a contact form αPS which is “adapted”
to PS, i.e. it has the normal form described in [Nie06, Proposition 4] near its core.
Take a sequence of smooth functions f (k) on the negative boundary ∂−C of C
which C∞-converges to the constant function f (∞) ≡ 1, such that the contact form
λ
(k)
− := f
(k)λ− is non-degenerate, and λ
(∞)
− = λ−. We modify the symplectic form
near ∂−C to obtain a symplectic form ω
(k)
C → ωC so that the induced contact form
on the boundary is λ
(k)
− for a fixed Liouville vector field. Since ωC = dν in C, we
deduce that, for each k, there is a 1-form ν(k) on C such that ω
(k)
C = dν
(k) on C, in
such a way that ν(k) → ν in the C∞-topology. The non-degeneracy of the forms λ(k)−
will mean that we can apply SFT compactness theorem directly for these perturbed
forms. Taking limits we will then deduce the general case.
Attaching a cobordism at the negative ends using the local Liouville vector fields
associated to λ
(∞)
− , we obtain the negative Liouville completion Ĉ
(∞) of λ(∞)− . Ob-
serve that the negative Liouville completion Ĉ(k) of λ
(k)
− is smoothly the same as
Ĉ(∞), although with a different symplectic form at the negative ends, so that we
work in a fixed smooth manifold. We denote by ω̂
(k)
C the negative completion of the
symplectic form ω
(k)
C in Ĉ
(k), so that it coincides with d(etλ
(k)
− ) at the negative ends.
The negative ends of Ĉ(k) are negative symplectisations of nondegenerate contact
forms. We can therefore apply the following standard argument. Take an ω̂
(k)
C -
compatible almost complex structure J (k), converging to a ω̂
(∞)
C -compatible J
(∞),
all of them extending the local model of [Nie06], and cylindrical in the cylindrical
ends. We have a Bishop family of Fredholm regular J (k)-holomorphic disks in Ĉ(k)
with Lagrangian boundary, stemming from the core of the Plastikstufe. Analogously
to [Nie06, Proposition 10], one can check that the exactness of the symplectic form
near the positive end, and hence near the Plastikstufe, provides uniform bounds
on the Hofer energy, defined as in [Wen16, Page 115]. By SFT compactness (using
the nondegeneracy condition at the negative ends), we thus obtain a non-trivial
J (k)-holomorphic building configuration, with potentially multiple levels. Since the
symplectic form on Ĉ(k) is exact, there are no bubbles in the building. Also, there is
no boundary bubbling, as shown in [Nie06]. We conclude, as in [Hof93,AH09], that
it must contain non-trivial components in the negative ends.
For sufficiently large k, one can rule out holomorphic caps as follows: this is not
automatic from standard arguments, since (Ĉ(k), ω
(k)
C ) is only pseudo-Liouville. After
taking a subsequence of k’s, assume the existence of a sequence of J (k)-holomorphic
caps c(k) for k → +∞, considered as maps to the compactification C(k), and having
boundary in the negative boundary of C
(k)
. The Hofer energy bounds on the Bishop
familiy provide universal bounds on the action of the boundary orbits γk of each
32
c(k). So, after passing to a further subsequence, by the Arzela`–Ascoli theorem, we
have that γk → γ∞ converges to a periodic Reeb orbit of the Reeb flow of λ− in the
C∞-topology.
Now as each γk is nullhomotopic in the cobordism C
(k) ∼= C, the same is true of
γ∞. Projecting to T2, using the globally defined projection, we see that the image
of γ∞ in T2 is also nullhomotopic. We conclude by Theorem 3.1 that the Reeb orbit
γ∞ must be a binding component Bq.
Let piC : Ĉ
(k) = Ĉ(∞) → C denote the collapsing map of the negative Liouvile
completion onto the compact cobordism. Given their explicit forms on the ends,
the 2-forms pi∗Cω
(k)
C naturally extend to forms ω
(k)
C on C
(k)
. We let ν(k) denote the
corresponding primitives. As the almost complex structures are cylindrical on the
ends, the forms ω
(k)
C integrate non-negatively on all J
(k)-holomorphic curves and
positively on those which are not completely contained in the cylindrical end. In
particular, this is the case for any holomorphic cap given the assumption that all
Reeb orbits have infinite order in the fundamental group of the end.
By Item 2 of Theorem 3.1 the primitive ν is positive along binding components,
and hence ν(∞) is positive on γ∞. The same is true by continuity for ν(k) restricted to
γk, for k  0. Then integrating the exact form Ω(k) = dν(k) along the holomorphic
cap c(k), and using Stokes’s theorem, we obtain that∫
c(k)
Ω
(k)
=
∫
−γk
ν(k) < 0 for k  0 ,
which is absurd.
We conclude that the J (k)-holomorphic building configuration contains a J (k)-
holomorphic plane P (k) in the bottom level. Again, by passing to a subsequence and
using Arzela`–Ascoli, we obtain a contractible Reeb orbit in the negative symplec-
tization of λ− = λ
(∞)
− . But there are no such orbits at the negative ends, and this
finishes the proof.
We can now proceed to the proof of the tightness of the Bourgeois contact struc-
tures in dimension 5.
Proof (Theorem A). We start by proving the result in the “generic” case of non-
sporadic page Σ2. We then deal with sporadic pages on a case by case basis.
Case 1: non-sporadic Σ. By Lemma 4.1 we may factorise the monodromy φ =
φ1 ◦φ2, where the components of the bindings in OBD(Σ, φ1) and OBD(Σ, φ2) have
infinite order. Then, according to Lemma 5.1, we conclude that BO(Σ, φ) is tight.
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Case 2: Σ is a disk. In this case, the monodromy φ is necessarily isotopic to the
identity. In other words, the resulting contact 3-manifold is (S3, ξstd) and the open
book structure is the one induced by the subcritical Stein-filling D4. According
to [LMN18, Theorem A.(b)], the associated Bourgeois contact structure is Stein
fillable, and hence tight.
Case 3: Σ is an annulus. The mapping class group of the annulus is generated
by a single positive Dehn twist around the core circle. If the monodromy is a
non-negative power of such generator, then the resulting contact 3-manifold is Stein
fillable; then, according to [MNW13, Example 1.1], the associated Bourgeois contact
structure is weakly fillable, and hence tight. If the power is negative, according to
[LMN18, Theorem B], the Bourgeois contact structure associated to OBD(Σ, φ) is
contactomorphic to that associated to OBD(Σ, φ−1), so we obtain tightness for this
case.
Case 4: Σ is a pair of pants. For simplicity, enumerate from 1 to 3 the connected
components of ∂Σ. For i = 1, 2, 3, let τi be a positive Dehn twist along the i-th
connected component of ∂Σ; Notice that the monodromy φ is necessarily of the form
τa11 ◦τa22 ◦τa33 . We then define τ := τ1◦τ2◦τ3 and, for any N ∈ N>0, we can decompose
φ as φ = F ◦ G, with F := φ ◦ τN = ∏3i=1 τN+aii and G := τ−N = ∏3i=1 τ−Ni . We
then use the following result, whose proof is postponed:
Lemma 5.2. If N > 0 is big enough, each binding component of OBD(Σ, F ) and
of OBD(Σ, G) is of infinite order in pi1 (OBD (Σ, F )) and pi1 (OBD (Σ, G)), respec-
tively.
Combining Lemma 5.1 and Lemma 5.2 we conclude that BO(Σ, φ) is tight, as de-
sired.
Lastly, we prove the lemma used above in the case of a pair of pants:
Proof (Lemma 5.2). We deal only with the case of OBD(Σ, F ); the proof for the
manifold OBD(Σ, G) is completely analogous.
We first point out that, as explained in detail for instance in [Ozb07, Section
3], the manifold OBD(Σ, F ) can be seen as obtained by Dehn surgery on the total
space of S2 × S1 → S2 along three S1-fibers, with coefficients ri := − 1N+ai , for each
i = 1, 2, 3. In other words, OBD(Σ, F ) is the Seifert manifold
{0, (o1, 0); (N + a1,−1), (N + a2,−1), (N + a3,−1)} .
Moreover, the orbit space O of the Seifert fibration of OBD(Σ, F ) is a 2-dimensional
orbifold, with underlying topological surface S2, and the binding B of OBD(Σ, F )
consists of a union of fibers of the Seifert fibration.
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We recall that there is a notion of orbifold Euler characteristic χorb for orbifolds
that behaves multiplicatively under finite covers of orbifolds. In our special case of
the base orbifold B of the Seifert fibered space OBD(Σ, F ), we have
χorb(O) = χ(S2)−
3∑
i=1
(
1 +
1
N + ai
)
= −1−
3∑
i=1
1
N + ai
.
From now on, let N > 0 be so big that χorb(O) < 0. In particular, OBD(Σ, F ) is
finitely covered by a circle bundle X over a hyperbolic surface S, in such a way that
fibers of X → S are mapped to fibers of OBD(Σ, F )→ O (see [Sco83] for instance).
Now, S being hyperbolic, the fibers of X are of infinite order in pi1(X). As X covers
OBD(Σ, F ) in a compatible way with their Seifert bundle structures, it follows the
fibers of OBD(Σ, F ), hence its binding too, are of infinite order in its fundamental
group, as desired.
We finally note that all these arguments remain valid when we pull-back under
any finite cover of V × T2 of the first factor. Since finite covers over the second
factor do not change the contact structure up to contactomorphism (cf. Remark
2.3), such covers also preserve tightness. Now any finite cover is itself covered by a
composition of covers of the respective factors. Consequently, the contact structure
remains tight under any finite cover on the first factor. Since the fundamental group
of any closed 3-manifold is residually finite (cf. [Hem87]) so is pi1(V ×T2) and hence
tightness on finite covers is equivalent to tightness on the universal cover of V × T2
and universal tightness follows. This concludes the proof of Theorem A.
6 Topology of the capped filling
We now assume that BO(Σ, ψ) admits a strong symplectic filling W . The aim of
the section is to obtain some control on the topology of the capped filling Wcap given
by attaching the spine removal handle described in Theorem 3.6.
More precisely, in Section 6.1 we study a moduli space of spheres, naturally aris-
ing from the foliation by spheres near the boundary. This is then used in Section 6.2
to show that the T2-factor of the Bourgeois construction survives homologically in
the capped filling. In Section 6.3, we describe a moduli space of cylinders, aris-
ing from a parametric version of the foliation for the symplectization of T3 from
[Wen10c]. In Section 6.4 we study intersection properties of the capped filling,
proving in particular that 2–cycles intersect the co-cores in a controlled way.
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6.1 Moduli space of holomorphic spheres
Let (W,ωW ) be a strong symplectic filling of BO(Σ
2, ψ). After attaching the
cobordism (C, ωC) of Corollary 3.7 along BO(Σ, ψ) using the Liouville flow, we
obtain a symplectic manifold (Wcap, ωcap) = (W,ωW )∪(C, ωC) with stable boundary
(T3×S2,H). We will construct a moduli space of holomorphic spheres in (Wcap, ωcap),
and show that it is a 4-dimensional manifold with boundary T3 for suitable choices
of data. A good reference for general backround on moduli spaces of holomorphic
spheres, as we shall use them here, is [MS12]. What follows is inspired by the
constructions in [MNW13].
We start by working along the capping cobordism.
Local symplectic models. From Corollary 3.7, we have a symplectic model
for a collar neighbourhood of the positive boundary of C, given by
C = ((−, 0]× T3 × S2, ω = d(etλ) + Ω), (3)
where λ = αstd and Ω = dαstd + ωS2 , and t ∈ (−, 0]. The t-coordinate can in fact
be identified with the Liouville coordinate for the radial vector field in D∗T2, near
its boundary.
Therefore kerλ = ξstd⊕TS2, the Reeb vector field is Rλ = Rstd, the Reeb vector
field of αstd, and the stabilizing vector field is ∂t. We also have a model symplectic
handle
A = (D∗T2 × D2, ωstd ⊕ dσ), (4)
where dσ is a symplectic form on D2. We attach k symplectic handles A1, . . . ,Ak
to each component of the spine, all modelled on A.
The two models A and C are compatible with each other, provided we view
(−, 0] × T3 as the standard symplectic neighborhood of T3 = ∂D∗T2 in D∗T2,
Σ∪⋃kj=1D2j as a 2–sphere S2, where D2j is the core of the handle Aj, which we call a
capping disk, and we take ωS2 so that it coincides with dσ along each of the capping
disks (after suitably smoothening the corners).
Almost complex structure in the local models. Along the collar neigh-
bourhood C, we take an H-compatible almost complex structure J which maps ∂t
to Rλ, and such that
J |kerλ = Jstd|ξstd ⊕ jS2 ,
where Jstd is the standard complex structure in D
∗T2, and jS2 is any compatible
complex structure in S2.
We extend J to the cobordism (C, ω) is such a way that it coincides, along
the symplectic handle A, with Jstd ⊕ jσ, where jσ is the restriction of jS2 to each
capping disk and so dσ-compatible. Near the concave end BO(Σ, ψ), we take it to
be cylindrical and generic.
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Figure 6: The foliated cobordism (C, ω). The shaded region is the model collar
neighbourhood C. The model symplectic handle A consists of everything that lies
above the horizontal dotted line.
Local moduli space of spheres. With these choices, the co-cores D∗T2×{0}
of the handles are J-holomorphic and complex codimension 1. The cores Kq =
{(q, 0)} × D2, for q ∈ T2, are also holomorphic disks. By construction, for each
(t, q, θ) ∈ (−, 0]× T2 × S1, we have a holomorphic sphere
u = u(t,q,θ) : S2 → (−, 0]× T2 × S1 × S2
z 7→ (t, q, θ, z)
Remark 6.1. One could make further choices for J and construct a holomorphic
foliation of the whole cobordism (C, ω), by hand. Figure 6 shows the qualitative
behaviour of the resulting foliation, so that the pages of the original open book are
capped by disks and form holomorphic spheres, and the holomorphic cores are disks
with a negative end asymptotic to the corresponding binding component. The issue
is that this J is then non-generic, it is actually adapted to a stable Hamiltonian
structure in the negative end rather than a contact structure, and we would have
to show Fredholm regularity explicitly, which is cumbersome. To avoid this, we
observe that any other sphere in the resulting moduli space in C cannot be entirely
contained in the symplectic handle A, where the symplectic form is exact, and so
has to intersect an open set where J is generic. This implies that the spheres away
from the collar are Fredholm regular (e.g. see [Wen16, Thm. 7.2]), and we can still
assume that cores and co-cores are holomorphic. We still need to show regularity of
the spheres u(t,q,θ) near the positive boundary, which is rather straightforward.
Lemma 6.2. The spheres u(t,q,θ) are Fredholm regular and have Fredholm index 4.
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Proof. Fix u = u(t,q,θ). The complex normal bundle Nu of u splits into a sum of J-
invariant integrable and trivial line bundles, which along the collar neighbourhood,
can be described by Nu = T(t,q,θ)D
∗T2 = 〈∂q1 , ∂q2〉 ⊕ 〈∂q2 , ∂p2〉. This implies that the
normal component of the linearized Cauchy-Riemann operator also splits as DNu =
∂ ⊕ ∂, where ∂ is the standard Cauchy-Riemann operator acting on W 1,2-sections
of the corresponding line bundle. By automatic transversality, each summand is
surjective, and we deduce surjectivity of DNu : W
1,2(Nu) → L2(Ω0,1(Nu)) so that u
is indeed Fredholm regular.
Since u is immersed, its index is the Fredholm index of DNu , and from the
Riemann-Roch formula we obtain
ind(u) = ind(DNu ) = 2χ(u) + 2c1(Nu) = 2χ(S2) = 4
This concludes the lemma.
Moduli of spheres in (Wcap, ωcap). We extend J to an ωcap-compatible almost
complex structure in Wcap, so that it is generic along the original filling W . We then
obtain a moduli space M of holomorphic spheres in Wcap, containing the curves
u(t,q,θ). More precisely, up to considering only the connected component of such
moduli space containing the spheres u(t,q,θ), we will assume M to be connected in
the following. By Fredholm regularity (Lemma 6.2 and the preceeding Remark 6.1),
it is a 4-dimensional smooth manifold with non-empty boundary. We consider its
Gromov compactification M, which is obtained from M by adding strata of nodal
spheres. Every element in M intersects the holomorphic co-cores of the handles
precisely once by positivity of intersections, and therefore, M consists of simply
covered spheres. M is a 4-dimensional stratified space (see below), with non-empty
boundary, which we now identify via the following:
Lemma 6.3 (Local Uniqueness). For sufficiently small  > 0, if u : (S2, jS2) →
(Wcap, J) is a holomorphic sphere arising as a component of a curve in the mod-
uli space M, that moreover intersects the collar (−, 0] × T3 × S2, then it is a
reparametrization of one of the u(t,q,θ).
Proof. The proof is the same as in [MNW13,AM18]. Assume first that u intersects
{0}×T3× S2, namely, at t = 0. We define the open set U = u−1((−, 0]×T3× S2).
Then u|U = (u1, u2), where u1 : U → (−, 0] × T3 and u2 : U → S2 are both
holomorphic. But the boundary of (−, 0]×T3 is strictly pseudoconvex, and so u1 is
constant. This implies that U = S2, and u is a reparametrization of a sphere u(0,q,θ).
In general, assume that k → 0 is such that there exists a sequence uk which is a
component of a curve inM, intersects (−k, 0]×T3×S2 and is not a reparametriza-
tion of a sphere u(t,q,θ). Since the moduli space M is compact, after passing to a
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subsequence, we obtain a limiting nodal curve u∞ inM which intersects the bound-
ary at t = 0. Then, at least one of its sphere components is a reparametrization of
a sphere u(0,q,θ). All the adjacent sphere components to this particular one intersect
u(0,q,θ), and therefore they intersect {0} × T3 × S2, which completely contains the
image of u(0,q,θ). So, it inductively follows that all sphere components of u∞ are
reparametrizations of the same u(0,q,θ) (since different such spheres never intersect).
Since all uk are elements in M, they all have the same homology class, and there-
fore so does u∞. It follows that u∞ is a reparametrization of u(0,q,θ). But Fredholm
regularity implies that every sphere inM near it is a reparametrization of a sphere
u(t′,q′,θ′), which is absurd. The lemma follows.
From now on, we assume  > 0 is chosen small enough so that local uniqueness
holds in the corresponding collar neighbourhood C.
Consider now D∗T2 a co-core in the handle A, and recall that we arranged
it to be J–holomorphic. Notice that the J–holomorphic spheres u(t,q,θ) intersect
D∗T2 in exactly one point. Moreover, positivity of intersections and the fact that
intersections can’t escape at the boundary (due to Lemma 6.3) tell us that every
J–holomorphic sphere in the same homology class as the u(t,q,θ)’s must intersect the
considered co-core (positively and) exactly once. Thus, the map I : M → D∗T2
given by sending each curve u ∈ M to the intersection point of u with the co-core
D∗T2 is well defined.
We also consider the moduli space M∗ obtained by adding a marked point to
the domain of each curve in M, which is a 6-dimensional smooth manifold with
boundary, and its Gromov compactification M∗. We have a forgetful map
pi :M∗ →M
which forgets the marked point. Therefore the fiber over u ∈M is the domain of u
itself. We also have an evaluation map
ev :M∗ → Wcap
which evaluates at the marked point.
As a corollary of Lemma 6.3, we obtain:
Corollary 6.4. The intersection map I and the evaluation map ev are diffeomor-
phisms near the boundary. In particular, ∂M = T3, and ∂M∗ = T3 × S2.
Nodal stratification. The moduli space M is naturally a stratified space 1
∅ =M3 ⊂M2 ⊂M1 ⊂M0 =M.
1In this paper, by stratifed space, we will mean a filtration ∅ =Mm+1 ⊂Mm ⊂ · · · ⊂ M0 =M
of a compact topological spaceM, where the interior int(Mi) of eachMi is called the i-th strata,
and the closure of each strata satisfies Mi = ⋃j≥iMj .
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Here, Mi consists of nodal configurations of spheres which have at least i nodes,
and the interior part int(Mi), consists of nodal configurations with precisely i nodes.
For our choice of J , the top open stratumM = int(M0) is a smooth 4-dimensional
manifold consisting of somewhere injective spheres (they intersect each holomorphic
co-core precisely once). The elements of the i-th strata int(Mi) contain main sphere
components, which intersect holomorphic co-cores precisely once and so are again
simply covered, while the rest are possibly multiply covered bubbles which intersect
no co-cores. By the Uniqueness Lemma 6.3, no element inMi touches the boundary
of Wcap, for i ≥ 1.
Similar remarks hold for the marked moduli space, which is a stratified space
∅ =M3∗ ⊂M2∗ ⊂M1∗ ⊂M0∗ =M∗,
and the forgetful map respects the stratification.
Since every 6-dimensional symplectic manifold is semi-positive, it follows stan-
dard dimension computations in Gromov-Witten theory that the dimension of the
image ofMi∗ under the evaluation map is at most 6−2i, in the sense of [MS12, Sec.
6.5]. More precisely, the image under the evaluation map of Mi∗ is covered by the
images of underlying moduli spaces of simple stable maps, each of which is actu-
ally a smooth manifold for generic choice of almost complex structure. We shall
occasionally say that the corresponding unmarked pieceMi has dimension at most
4− 2i.
Remark 6.5. In the case where the filling W is symplectically aspherical, a priori
there can be only bubbles that go through the symplectic handles. However, after
Theorem 6.14 below is established, this actually implies that there are no bubbles
at all and M =M is a smooth 4-manifold.
6.2 T2 survives homologically in Wcap
The natural constructions of symplectic fillings of Bourgeois contact manifolds all
have a global product structure with T2. This seems to be a manifestation of some
deeper mechanism: in the planar case, will show that any filling “remembers” this
T2-factor. More precisely, we shall show that the inclusion of any torus fiber is
injective on homology.
Let W be a strong symplectic filling of the contact manifold BO(Σ, ψ) associated
to an open book OBD(Σ, ψ) with surface page, and let Wcap be the symplectic man-
ifold with stable boundary S2×T3 obtained by attaching the handle from Section 3.2
on W . Consider the following commutative diagram
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T2 S2 × T3 ∂M∗ M∗ Wcap
M
D∗T2
i
i′
f
ev−1∂
∼
j ev
pi
I∗
I
Here, j is the natural inclusion ∂M∗ ⊂ M∗, pi is the map forgetting the marked
point and i is a section of the (S2×S1)–bundle S2×T3 → T2 induced by the natural
projection T3 = S∗T2 → T2. Moreover, the map f , defined by the commutativity
of the diagram, is actually homotopic to the zero section of D∗T2 → T2. Finally, i′
denotes the composition of all the horizontal arrows and I∗ the composition of the
vertical ones.
Proposition 6.6. The map i′ is injective in integer homology.
The proof uses the fact that the moduli space gives a relative pseudo-cycle on the
filling which induces pseudo–cycles on generic submanifolds – in our case surfaces.
We refer to [MS12, Section 6.5] for further background.
Proof (Proposition 6.6). The result is clearly true for H0 (recall that, by a slight
abuse of notation,M actually denotes the connected component of the moduli space
which contains the boundary spheres u(t,q,θ)). We also claim that the statement for
H2 follows from the statement for H1. Indeed, suppose i
′
∗(a), i
′
∗(b) 6= 0 in H1(Wcap),
for a, b generators of H1(T2). Then i′∗(H1(T2)) is torsion-free, and so there are
α, β ∈ H1(Wcap) such that α(a) and β(b) are both non–zero integers. Then, α ^ β is
non–zero on the image under i′∗ of the generator a⊗b of H2(T2) given by the Ku¨nneth
splitting H2(T2) = H1(S1)⊗H1(S1). Hence it suffices to prove the statement for H1.
Let γ be a curve in T2 and consider its image γ′ := i′(γ) in Wcap. We can suppose
without loss of generality that it is simple. Notice also that this lies (by definition
of i′) in the boundary ∂Wcap, so that
ev−1γ′ = j ◦ ev−1∂ ◦ i(γ) . (5)
Suppose by contradiction that γ′ bounds a 2–chain δ′ in Wcap. By general position
we can assume that this chain is an embedded surface with boundary, which we will
consider as a relative cycle.
We claim that the map (ev, I∗) : M∗ → Wcap×D∗T2 is a 6–dimensional pseudo–
cycle. Indeed, the closure of the image of (ev, I∗)|M∗ is the image of the compactified
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moduli spaceM∗, on which the map (ev, I∗) is continuous. Moreover, the image of
the nodal setM1∗ for both maps agrees with the image of the spaceMs∗ of underlying
simple curves. Finally, Ms∗ consists of components of dimension ≤ 4. This implies
the claim.
What’s more one can perturb δ′ so that δ′×D∗T2 becomes weakly transverse to
the pseudo–cycle (ev, I∗). According to (a relative version of) [MS12, Proposition
6.5.17], the restriction of I∗ to ev−1(δ′) gives a relative pseudo–cycle in D∗T2. Now,
such a relative pseudo–cycle is a weak representative of a relative homology class
modulo torsion (see [MS12, Discussion after Lemma 6.5.6]), and it moreover gives
the original homology class under the boundary map from relative homology to the
boundary. We conclude that γ′ must be trivial in H1(D∗T2). This contradicts the
fact that the map f in the diagram above induces a homotopy equivalence.
Remark 6.7. Note that the proof of Proposition 6.6 is much more straight forward
in the absence of bubbles, e.g. when W is assumed symplectically aspherical. In this
case, according to Remark 6.5, the moduli space itself is a smooth manifold and one
can simply apply standard general position arguments without needing to consider
pseudo–cycles.
6.3 Parametric Wendl family of holomorphic cylinders
In this section, we construct a different moduli space of holomorphic curves in the
completion of the capped symplectic filling (Wcap, ωcap), using an S2-parametrized
version of the construction in [Wen10c].
Wendl family. From [Wen10c], we obtain a suitable stable Hamiltonian struc-
ture H0 = (λ0,Ω0) on T3, together with a symplectic filling (D∗T2, ω0) for suitable
ω0, coinciding with ωstd away from a small collar of the boundary. The completion
(T ∗T2, ω0) is endowed with an ω0-compatible almost complex structure J0, giving
rise to a suitable smooth 2-dimensional moduli space M0. The latter consists of
somewhere injective holomorphic cylinders in T ∗T2 with two positive ends, each
asymptotic to a distinct Morse-Bott family of Reeb orbits parametrized by a cir-
cle. There are precisely two such Morse-Bott families, and we denote their disjoint
union inside T3 by B0. We call B0 the binding of T3, a disjoint union of two 2-
tori. The moduli space M0 gives a foliation of T ∗T2, as follows from standard
4-dimensional techniques, and M0 is itself diffeomorphic to R × S1. We can write
M0 = M0triv ∪ M0ntriv, where M0triv is the family of cylinders whose cylindrical
ends in T ∗T2\D∗T2 are trivial cylinders over orbits in B0 (they are precisely those
cylinders which intersect the zero section T2 ⊂ T ∗T2).
Remark 6.8. The above construction of [Wen10c] can be understood in terms
of holomorphic spinal open book decompositions: T3 has a natural planar SOBD
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Figure 7: The Wendl holomorphic foliation of D∗T2. We will use this S2-
parametrically. The curves in the non-shaded region are a cylindrical end of
M0 ∼= R× S1 over S0 × S1.
structure (cf. [LVHMW18, Mor17a, Wen10c]). We write T3 = T3S ∪ T3P , where the
spine is T3S = B0 × [−1, 1] = T3S,0
⊔
T3S,1. Here, the [−1, 1]-factor is viewed as a
small segment in the S1-factor of T3 = S1 × T2, centered around the Morse-Bott
orbits, and we split T3S into its two connected components. We have trivial fibrations
piS,i : T3S,i → {∗}×[−1, 1]×S1, where we call Vi := piS,i(T3S,i) the i-vertebrae (i = 0, 1).
Similar remarks hold for the paper T3P . See Figure 7.
We denote by (C0 = [0, 1]×T3, ω0) a small collar neighbourhood of the boundary
of (D∗T2, ω0). We view it as a topologically trivial exact symplectic cobordism with
concave boundary the contact manifold (T3, αstd), and positive stable boundary the
stable Hamiltonian manifold (T3,H0).
Parametric Wendl family. In our situation, by attaching a symplectic cobor-
dism of the form (C0 × S2, ω0 + ωS2) to the boundary of Wcap, we may modify the
model symplectic collar C = ((−, 0] × T3 × S2, ω = d(etλ) + Ω) of Section 6.1
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by replacing λ with λ0, and Ω with Ω0 + ωS2 , without changing notation, so that
now Wcap has stable boundary (Mcap := ∂Wcap,H = (λ,Ω)). We then consider the
completion (Ŵcap, ω̂cap) = (Wcap, ωcap) ∪ Ĉ, where
Ĉ = ((−,+∞)× T3 × S2, ω = d(etλ) + Ω)
is the symplectization of the stable Hamiltonian structure H at Mcap. For a ∈
(−,+∞), we denote W acap := Ŵcap\((a,+∞) × ∂Wcap), its truncation at level a,
and Macap = ∂W
a
cap. We will also write M
a
cap = M
a
cap,P ∪ Macap,S, where Macap,P =
{a} × T3P × S2 is the paper region, and Macap,S = {a} × T3S × S2 is the spine region
(recall Remark 6.8).
We modify the H-compatible almost complex structure J so that, with respect
to the splitting
T
(
(−,+∞)× T3 × S2) = 〈∂t, RH0〉 ⊕ ξH0 ⊕ TS2,
we have
J = i⊕ J0 ⊕ jS2 ,
Here, jS2 is, as before, a compatible complex structure in S2, which we take to be the
standard one. Similarly as in Section 6.1, we specify J along the model symplectic
handle A = (D∗T2 × D2, ωstd ⊕ dσ) as J = J0 ⊕ jσ, where jσ is jS2 restricted to D2
when viewed as a capping disk, and is compatible with dσ = ωS2|D2 . We denote
the k handles by A1, . . . ,Ak, which are all modelled on A, and A0 =
⋃n
j=1Aj. Let
D21, . . . ,D2k be the corresponding cores, which are the capping disks for the pages.
We extend J to all of Ŵcap, generically away from Ĉ ∪ A0.
Observe that, for each z ∈ S2, the hypersurface Hz := (−,+∞) × T3 × {z}
is holomorphic in the cylindrical end Ĉ. Moreover, for z ∈ D2j ⊂ S2, Hz glues
to D∗T2 × {z} in the symplectic handle Aj. We still denote the resulting glued
hypersurface by Hz, which is a copy of T
∗T2 inside Ŵcap for every j and z ∈ D2j . Set
Âj =
⋃
z∈D2j Hz and Â0 =
⋃k
j=1 Âj. Observe that Ĉ ∪ A0 =
⋃
z∈S2 Hz.
We now obtain a moduli space of cylinders of the form
uz : (R× S1, i)→ (Ĉ ∪ A0, J)
uz = (u, z),
where u ∈ M0 and z ∈ S2, so that im(uz) ⊂ Hz. Here, for z ∈ Σ ∼= S2\
(⋃
j D2j
)
away from the capping disks, we assume u is taken to vary in the portion of M0
consisting of curves lying in the cylindrical ends.
The cylindrical moduli spaceMW+ := {uz : u ∈M0, z ∈ S2} extends to a moduli
space in Ŵcap, which we denote by MW .
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We consider the moduli spaces MW∗ and M0∗ obtained from elements MW and
M0, respectively, by adding a marked point to the domains, and the resulting eval-
uation map ev : MW∗ → Ŵcap, and forgetful map pi : MW∗ → MW . We denote by
MW the Gromov compactification ofMW . We haveMW =MWntriv ∪MWtriv, where
MWtriv consists of those curves in MW whose cylindrical ends are trivial cylinders
over Reeb orbits in S2×B0. The maps ev and pi extend toMW , and we denote their
extensions with the same notation.
Siefring intersection theory. In what follows, we will make use of Siefring in-
tersection theory for holomorphic curves and hypersurfaces, to appear in [Sie] (see
also [MS19]). The setup for this is as follows: Consider an asymptotically cylindrical
holomorphic curve u in the completion Ŵ of a symplectic manifold W with stable
Hamiltonian boundary, and H a holomorphic hypersurface in Ŵ which is asymp-
totically cylindrical (in a well-defined sense [MS19]) to trivial cylinders over strong
stable hypersurfaces in ∂W , and its intersection H ∩W with the compact piece W
has stable boundary satisfying ∂(H ∩W ) ⊂ ∂W . Here, a strong stable hypersurface
is defined as a Reeb-flow invariant codimension 2 submanifold of ∂W for which the
restriction of the ambient SHS is again a SHS. We assume moreover that the ambient
SHS is Morse-Bott. Then there is a well-defined holomorphic intersection pairing
u ∗H, which is homotopy invariant under homotopies through asympotically cylin-
drical curves or hypersurfaces, and non-negative whenever im(u) is not contained
in H. Intuitively, the pairing considers contributions from the standard intersection
pairing together with contributions coming from “infinity”.
Remark 6.9 (An intersection formula). Although we will not formally need it in
our proof, where homotopy invariance of the pairing will suffice, in the case where
im(u) ⊂ H, we have the following formula [Sie]:
u ∗H = 1
2
(µτN(u)−#Γ(u)odd). (6)
Here, µτN(u) =
∑
z∈Γ+(u) µ
τ
N(γz)−
∑
z∈Γ−(u) µ
τ
N(γz), where Γ
±(u) are the positive
and negative punctures of u, γz ⊂ H is the asymptotic Reeb orbit corresponding to
z ∈ Γ±(u), τ is an asymptotic symplectic trivialization of the symplectic orthogonal
complement to H along γz, µ
τ
N(γz) is the Conley-Zehnder index with respect to τ
of the normal part (to H) of the asymptotic operator of γz, and #Γ(u)odd is the
number of punctures of u which have odd normal Conley-Zehnder index.
In our setup, observe that for z0 = 0 ∈ D2j , the origin in a capping disk, the
completion of the corresponding co-core Ĉj = Hz0
∼= T ∗T2 is a holomorphic hy-
persurface in Ŵcap which is R-invariant in the cylindrical end of Ŵcap, and is the
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completion of a codimension 2 symplectic filling of the strong stable hypersurface
Mz0 := T3×{z0} ⊂ T3× S2 = ∂Wcap. It is therefore asymptotically cylindrical over
its own cylindrical end. This also holds for any hypersurface Hz with z ∈ D2j . While
the hypersurfaces Hz for z away from the capping disks are also asymptotically cylin-
drical, the corresponding strong stable hypersurface Mz = T3×{z} is not necessarily
symplectically filled inside the unknown filling W , and therefore intersections with
a holomorphic curve might escape towards the interior of W .
Properties of the compactified moduli space. We are ready for the following:
Theorem 6.10 (Properties of MW ). There exists a0  0, such that the following
statements hold:
(i) (compactness) We have a stratification
∅ =MW,3 ⊂MW,2 ⊂MW,1 ⊂MW,0 =MW
Here, the top strata int(MW,0) is a 4-dimensional smooth manifold consisting
of somewhere injective cylinders. The i-th strata int(MW,i) has dimension at
most 4−2i, and consists of nodal curves having precisely one component which
is a somewhere injective cylinder, and precisely i (possibly multiply covered)
closed sphere bubbles, for i = 1, 2. In particular, there are no multiple-floor
building degenerations from curves in MW .
The bubbles lie completely in the interior of the filling W , and thus have empty
intersection with the symplectic handles of Wcap.
(ii) (asymptotic behaviour) Given any two elements in MW , the images of their
cylinder components either agree, or they do not intersect in Ŵcap\W a0cap.
(iii) (relative pseudocycle) For a ≥ a0, consider MW∗,a = ev−1(W acap) ⊂ MW∗ , and
let eva denote the corresponding restriction of the evaluation map.
Then eva :MW∗,a → W acap is a relative pseudocycle representing a fundamental
class. In particular, the evaluation map on the compactification eva : MW∗,a →
W acap is surjective.
(iv) (truncated fibers) Let MWa be the set of umarked curves in MW with non-
empty intersection with W acap.
Then the fibers of the forgetful map pi :MW∗,a →MWa are compact truncations
of the corresponding punctured curves.
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(v) (Diffeomorphism on vertical boundary) For a ≥ a0, we consider the vertical
boundary ∂vMW∗,a = ev−1(Macap,P ) ⊂ M
W
∗ corresponding to the paper region
Macap,P = {a}×T3P × S2. Let ∂veva denote the corresponding restriction of the
evaluation map.
Then ∂vev
a : ∂vMW∗,a →Macap,P is a diffeomorphism.
(vi) (cylindrical end) For a ≥ a0, MW has a cylindrical end over ∂MWa ∼= S0 ×
S1 × S2.
Remark 6.11. Note that we are not claiming that the moduli spaceMW provides
a foliation of Ŵcap, in contrast to the 3-dimensional situation.
Remark 6.12. It follows from the proof (Step 5 below) that Â0, the completion of
the handles and collar, is foliated by non–nodal curves.
Remark 6.13 (Symplectically aspherical case). In case that W is symplectically
aspherical (e.g. exact), there are no bubbles. In particular, Item (i) says that
MW = MW . Moreover, the forgetful map is a fibration with typical fiber T ∗S1,
and the element of MW passing through any given point in Ŵcap\W a0cap is unique
(recall surjectivity of eva from Item (iii) of Theorem 6.10). In other words, MW
is asymptotically a foliation. One can also show that MW is homeomorphic to
R × S1 × S2, and that the marked moduli space MW∗ has a cylindrical end over
∂Wcap, induced via the evaluation map (cf. Theorem 7.7 below).
Proof. We split the proof in several steps.
Step 1: Regularity for the cylindrical moduli space MW+ . We show
surjectivity of the normal linearized Cauchy-Riemann operator for uz = (u, z), which
is equivalent to regularity [Wen10a, Cor.3.13] (note that these curves are immersed).
This operator splits as DNuz = D
N
u ⊕ ∂, where DNu is the normal operator of u inside
Hz, and ∂ is the standard Cauchy-Riemann operator acting on the holomorphic
normal bundle to Hz, the trivial line bundle over R × S1 with fiber TzS2. From
[Wen10c], we know that M0 is regular, and so the first summand is surjective.
After adding a small weight to the Sobolev spaces in the domain and target of ∂ so
that sections decay exponentially (cf. [Wen10a, p. 14-15]), and the Conley-Zehnder
index at each puncture becomes 1, the Fredholm index of the resulting Fredholm
operator is 2. Since its kernel consists of holomorphic sections which decay at
infinity, it consists of the 2-dimensional space of constant sections. It follows that
its index is the same as the dimension of its kernel, and so the second summand
is also surjective, and regularity follows. It also follows from the Riemann-Roch
formula that the Fredholm index of uz is 4.
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Step 2: Intersection with holomorphic hypersurfaces. We use Siefring
intersection theory to restrict the behaviour of curves in MW . Indeed, let z0 = 0 ∈
D2j be the origin in a capping disk. We have that
uz ∗Hz0 = 0,
for every z ∈ S2. This is obvious for z 6= z0, and for z = z0 we can use homotopy
invariance of the pairing, or Equation (6), as we have already observed that the
normal Conley-Zehnder index is 1 at each puncture. This implies that u ∗Hz0 = 0
for every u ∈MW .
Step 3: Uniqueness in the upper levels. Let v be a (possibly nodal) holo-
morphic curve in the Gromov compactificationMW , consisting only of upper levels,
i.e. its components lie completely in the symplectization of H. Then the intersection
pairing v ∗ Hz is defined, for every z ∈ S2 (we consider only homotopies through
curves in upper levels), and vanishes identically. Since the holomorphic hypersur-
faces Hz foliate the upper levels, we conclude that each component of v has image
in Hz for some z, which is independent of the component. Alternatively, without
appealing to intersection theory, one can observe that the ωS2-energy of the (closed
but potentially nodal) holomorphic map obtained as the projection of v to S2 van-
ishes. Either way, we obtain that v = (v0, z) for v0 either a trivial cylinder over an
orbit in B0, or an element inM0. From [Wen10c], we know that there are no nodal
degenerations from curves inM0, and so v0 is in both cases non-nodal and consists
of a single level, and we conclude the same for v.
This implies that every curve in MW with components completely lying in the
upper levels is of the form uz for some u ∈ M0 and z ∈ S2, and in particular there
are no nodal degenerations in the upper levels.
Step 4: There are no multiple level degenerations. This follows from
uniqueness in the upper levels, since curves in M0 have no negative ends, and
the stability condition for holomorphic buildings implies that there are no floors
consisting solely of trivial cylinders.
Step 5: Uniqueness in Â0. As for uniqueness in the upper levels, Siefring
intersection theory implies that if u ∈ MW has non-empty intersection with Â0,
then it lies completely in a holomorphic hypersurface Hz for z ∈ D2j in some capping
disk. Uniqueness in Hz ∼= T ∗T2 (from [Wen10c]) implies u is of the form uz, and in
particular is a non-nodal curve.
Step 6: Nodal stratification. The asymptotics of elements in the moduli
MW are of the form {z}× {γ}× {pt} ⊂ S2×T2× S1, for γ ⊂ B0, and in particular
correspond to 1-cycles in {pt}×T2. We have shown in Section 6.2 that no 2-chain in
Wcap can bound 1-cycles coming from these tori, and so this rules out the possibility
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of nodal degenerations consisting of two holomorphic planes intersecting at a point.
We have already ruled out bubbles completely contained in Ĉ, and there are no
bubbles having non-trivial intersection with A0 by uniqueness in Â0. Therefore
bubbles can only appear in the interior of W , and we obtain Item (i) (the dimension
counts follow from semi-positivity).
Step 7: MW is a smooth 4-manifold. This follows by Fredholm regularity
of each uz, uniqueness in Ĉ ∪A0, genericity of J away from this region, and [Wen16,
Thm. 7.2].
Step 8: Cylindrical components are asymptotically distinct or coin-
cide. ConsiderMW0 the family of curves inMW having non-empty intersection with
Wcap = W
0
cap ⊂ Ŵcap. Since Wcap is compact, this is a compact family. Therefore, for
every  > 0 small, we can find a0  0 such that the preimage of [a0,+∞)× ∂Wcap
under every curve inMW0 consists of small neighbourhoods of their punctures whose
diameter (in a fixed, suitable metric in the domain) is bounded from below; and their
image under the corresponding curve inMW0 lies in [a0,+∞)×N(B0)× S2, where
N(B0) ⊂ T3 is an -neighbourhood of the T3-binding B0, so that all are C1-close to
trivial cylinders determined by their Reeb asymptotics (cf. [DRGI16, Lemma 5.14]).
In particular, if a curve in MW intersects [a0,+∞) × ∂Wcap\(N(B0) × S2), then
it is a non-trivial leaf of the foliation MW+ . By our choice of a0, all curves in MW0
intersect {a0} × ∂Wcap transversely in a collection of two circles.
Moreover, standard relative asymptotic formulas (e.g. [Sie08, Thm. 2.2, Cor. 2.5]
in the Morse-Bott case) imply that any two curves inMW with distinct cylindrical
components are asymptotically disjoint. Using again compactness of MW0 , and
compactness of the Morse-Bott families of orbits, we may take a0 larger if necessary
so that no curve in MW0 intersects each other or any other curve in MW , in the
region [a0,+∞)× ∂Wcap. This proves Item (ii).
Step 9: Diffeomorphism on vertical boundary. Since the only curves that
meet {a} × T3P × S2 are curves in MW+ , we obtain that the evaluation map is a
diffeomorphism of ∂vMW∗,a onto Macap,P . This proves Item (v).
Step 10: cylindrical end. Item (vi) follows immediately from Item (v) (recall
Figure 7).
Step 11: The truncated evaluation map is a relative pseudocycle. We
first observe that the evaluation map is weakly transverse to Macap = ∂W
a
cap, and it
follows in particular that eva indeed gives a relative pseudocycle by restricting to
MW∗,a = ev−1(W acap) ⊂MW∗ .
Indeed, by our choice of a, the cylindrical ends of any curve in MW meets the
boundary ofW acap transversely, along the spine regionM
a
cap,S. The same is true for the
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nodal curves inMW\MW . Moreover, along the paper region Macap,P , transversality
follows by observing that we may translate curves inMW+ (the only elements ofMW
near Macap,P ) in the Liouville direction, which is transverse to M
a
cap. Restricting the
evaluation toMW∗,a we then obtain the first claim in Item (iii). Furthermore, since the
map is a diffeomorphism on a part of the boundary it follows that the pseudo-cycle
represents a fundamental class in relative homology.
Step 12: Truncated fibers. By the choice of a and uniqueness in the end
of the completion, we have that the fibers of the forgetful map MW∗,a → MWa are
truncations of the cylindrical components of the corresponding curve in MW∗ . This
proves Item (iv), and finishes the proof of Theorem 6.10.
6.4 Intersections with co-cores in the capped filling
Let W be any symplectic filling of the Bourgeois contact manifold BO(Σ, ψ), where
Σ is a genus zero surface with k boundary components. Consider the symplectic
manifold Wcap with stable convex boundary Mcap := S2 × T3 obtained from W as
described in Section 3.2, i.e. by attaching k model symplectic handles A1, . . . ,Ak
(see Equation (4)) to the convex boundary of W . For each i = 1, . . . , k, denote Ci
the co-core D∗T2 × {0} of the i-th symplectic handle Ai.
Theorem 6.14. For all [σ] ∈ H2(Wcap) and 1 ≤ i, j ≤ k, we have
[σ] · [Ci] = [σ] · [Cj] .
In particular, if a 2-cycle intersects a co-core, it intersects all of them.
For the proof of Theorem 6.14 we will need the following:
Lemma 6.15. Let δ be an embedded surface in Wcap. Then, there is a decomposition
of the associated homology class [δ] = [δW ] + [γ] such that:
1. δW is disjoint from the co-cores;
2. γ is contained in the boundary of Wcap.
Proof (Theorem 6.14). Let [σ] ∈ H2(Wcap). Apply Lemma 6.15 to decompose the
cycle as [δ] = [δW ] + [γ]. The first summand is disjoint from the co-cores so only
the second can intersect them non-trivially. However, observe that a cycle in the
boundary has non-trivial intersection number with a co-core if and only if it has
a non-trivial component coming from the S2-factor with respect to the Ku¨nneth
decomposition H2(Mcap) = H2(S2 × T3) = H2(S2) ⊕H2(T3), in which case it must
intersect all co-cores with the same algebraic count of intersections.
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Proof (Lemma 6.15). Up to perturbing δ, we can assume that it doesn’t intersect
the nodal stratum ev(MW,2∗,a ) and that it intersects transversely ev(MW,1∗,a \MW,2∗,a ).
In particular, this intersection is 0-dimensional and so the surface meets finitely
many curves with one node. Let ∆ ⊂ δ denote a small neighbourhood of these
intersection points. By perturbing the evaluation map near the boundary we can
assume that these do not lie on the co-core. One can do so at the expense of losing
J-holomorphicity in that region, but this will not affect the topological arguments
that follow. Alternatively, one can prove using Siefring intersection theory that the
co-cores are actually foliated by curves without nodes, so that nodal curves must
stay away from the co-cores; see Remark 6.12.
Now delete the interior of the discs δreg = δ \∆ from the surface and note that
this surface is disjoint from the nodal locus. Hence by perturbing the evaluation
map on the smooth part of the moduli space, we can pull it back to obtain a compact
surface with boundary δ¯reg that maps onto δreg.
We then consider a retraction given by “pushing up” along the cylindrical fibers of
the forgetful map pi : MW∗,a →MWa . More precisely, define the horizontal boundary
of MW∗,a to be the region ∂MW∗,a \ pi−1(∂MWa ). Then, there is a deformation retract
H+t :MW∗,a →MW∗,a, for t ∈ [0, 1], with H+0 = Id ,
onto a connected component ∂+hMW∗,a (which we call positive) of ∂hMW∗,a with respect
to pi. Such a deformation retraction is just given by pushing vertically up cylinders
in the domains of the holomorphic curves, in such a way that H+t is the identity on
∂+hMW∗,a for all t ∈ [0, 1] and the image of H+1 lies in ∂+hMW∗,a. Note that this map
does not extend continuously over the nodal substratum, but it maps points near a
given nodal curve C to points near the positive boundary ∂+C ⊂ ∂+hMW∗,a of C.
Let δ¯1 be the image of δ¯reg under H
+
1 , and δ1 = ev(δ¯1). One can then form a
new surface homologous to δ as follows.
First flow the preimage of the boundary of ∂∆ to the positive boundary ∂+hMW∗,a
via H+t to form a tube
T = {H+t (p)|p ∈ ∂δ¯reg, t ∈ [0, 1]} .
Notice that each connected component c of ∂δ1 lies in a small neighbourhood
N of ev(∂+C), for a nodal curve C. In particular, inside such neighbourhood, it
is either contractible or homotopic to a non–trivial multiple of ev(∂+C). We claim
that the latter cannot occur.
Indeed, by the construction in Section 6.3, ev(∂+C) is homotopic to a curve in
the T2-factor of the spine in Mcap = S2 × T3. Now, according to Proposition 6.6,
this T2-factor survives in homology in Wcap. On the other hand, c is contractible in
Wcap, as it bounds a connected component of ∆T = ev(T ) ∪∆, which is a union of
disks.
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Let then D be the union of the disks capping the boundary components of ∂δ1,
each contained in a small neighbourhood of a nodal curve. As the latter do not
intersect the co-cores, the same is true for D.
Denote then ∆̂T = ∆T ∪D and δ̂1 = δ1 ∪D. We thus obtain a decomposition
[δ] = [∆̂T ] + [δ̂1] = [δW ] + [γ],
where the first surface does not intersect the co-cores and the second one is com-
pletely contained in (a neighborhood of) the boundary, as desired.
Remark 6.16. Analogously to what pointed out in Remark 6.7 for the proof of
Proposition 6.6, the proof of Theorem 6.14 becomes much more straightforward in
the absence of bubbles, e.g. if W is symplectically aspherical. Indeed, according
to Remark 6.13, in this case the moduli space has no nodal degenerations, hence
it is a smooth manifold. The forgetful map is also a fibration, and the marked
moduli space retracts onto a connected component of its horizontal boundary. In
particular, one can simply apply standard general position arguments to pull back
any class in H2(W
a
cap) to a class in H2(MW∗,a) and homotope it to the boundary via
the retraction. The image of this homotopy under the evaluation map shows that
the class H2(W
a
cap) actually comes from the boundary, i.e. from H2(S2 × T2), thus
proving Theorem 6.14.
What’s more, in the symplectically aspherical case we will see in Proposition 8.4
that Wcap is actually homotopy equivalent to S2 ×D∗T2.
7 Characterization of fillable planar Bourgeois con-
tact structures
The aim of this section is to prove Theorem B from the Introduction:
Theorem B (Fillability). Let (Σ2, φ) be an abstract open book. The contact 5–
manifold BO(Σ, φ) admits a strong symplectic filling if and only if φ is isotopic to
the identity (rel. boundary).
The section is organized as follows. In Section 7.1 we describe a codimension–
4 holomorphic foliation on the symplectization of (a stable Hamiltonian structure
obtained as a deformation of) BO(Σ, φ). This is then used in Section 7.2 to construct
a moduli space of punctured spheres in the filling, which are, in the cylindrical end,
lifts of the pages of the SOBD of BO(Σ, φ). Finally, in Section 7.3 we use this
moduli space to give a proof of Theorem B above.
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Figure 8: The codimension-4 holomorphic foliation.
7.1 A codimension-4 holomorphic foliation
In this section, we make use of the supporting SOBD discussed in Section 2. The
details for this section are mostly deferred to Appendix A.
We can adapt the construction of “model A” in [Mor17a], which is inspired by
the construction in [Wen10a] for open book decompositions. Here, we provide a
geometric description, and defer further details of the construction to the appendix.
We point out that this construction can be carried out in all dimensions.
Qualitative description. One deforms the Bourgeois contact structure along
the paper region MP to a stable Hamiltonian structure HA which is tangent to the
pages, such that arbitrary small perturbations are contact and isotopic to the original
Bourgeois contact structure. Then one constructs a HA-compatible almost complex
structure J in the symplectization of the stable Hamiltonian manifold (M,HA), and
an R-invariant foliation F of R×M by codimension-4 J-holomorphic submanifolds,
whose leaves are classified into two types:
1. (Trivial cylinders) Trivial cylinders over each component of the binding. Sym-
plectically, these are symplectizations of the contact manifold (B, λB). They
can be parametrized by {Fq}q∈T2 , where Fq = R×B × {q} × {0} ⊂ R×MS,
having as many connected components as the binding B = ∂Σ.
2. (Holomorphic pages) Lifts of the pages Σ with cylindrical ends attached. Sym-
plectically these are Liouville completions of (Σ, λ). They can be parametrized
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by {F (a,θ,q)}(a,θ,q)∈R×S1×T2 . The leaf F (a,θ,q) projects to q ∈ T2 under the nat-
ural projection R ×M → T2, and consists of a lift of the θ-page at R-level a
along R ×MP , together with a cylindrical end along R × (MS ∪MI) which
projects to the flow line of the Morse-Bott function H(q, p) = |p|2 in D∗T2
corresponding to constant angle θ.
The holomorphic foliation is then
F = {F (a,θ,q)}(a,θ,q)∈R×S1×T2 ∪ {Fq}q∈T2 .
See Figure 8.
In any dimension, the holomorphic page F (a,θ,q) has k positive cylindrical ends,
where k is the number of components of B, each of the form B0 × {q} × {0} ⊂MS,
for B0 a component of B. Namely, it is asymptotically cylindrical (in the sense
of [MS19]) to the symplectization of B. Translating the a-parameter corresponds
precisely to a-translation of F (a,θ,q) in the R-direction.
Moreover, the “double completion” construction of [LVHMW18], as used in
[Mor17a], provides the following:
Lemma 7.1. There exists a topologically trivial symplectic cobordism (Y, ωY ), having
the original Bourgeois contact structure (M, ξBO) as concave boundary component,
and the stable Hamiltonian manifold (M,HA) as positive stable boundary.
A proof of the above lemma is given in Appendix A. Therefore, one may at-
tach (Y, ωY ) to any strong filling of (M, ξBO) and obtain a diffeomorphic symplectic
manifold with stable boundary (M,HA).
In the 5-dimensional case, the holomorphic pages are holomorphic curves, which
in the genus zero case are Fredholm regular, and have Fredholm index 4, as follows
from adapting the Fredholm analysis of [Mor17a] to the current SOBD. Observe
that in our setup there is possibly non-trivial monodromy, but this does not affect
the proof of regularity, which is localized around a page. By our choice of function
H, the asymptotics of the holomorphic pages are Morse-Bott, each arranged in a
T2-family.
Moreover, as explained in Remark A.2, given any T  0, one can arrange that
every Reeb orbit that is distinct from the binding components has action which is
greater than T , and that the action of every binding component is the same (in the
Morse-Bott case). The 2-form of HA is by construction exact, and the integral of its
primitive along the binding is precisely their action as Reeb orbits. Taking T large
enough, Stokes theorem provides the following:
Lemma 7.2. Fix k ∈ N, and an HA-compatible J in the symplectization R×M of
HA. Let u : S˙ → R ×M be a connected J-holomorphic curve with simply covered
positive asymptotics Γ+(u) all of the form B × {q} × {0}, such that #Γ+(u) ≤ k.
Then its negative asymptotics Γ−(u) are also simply covered, of the same form, and
#Γ−(u) ≤ #Γ+(u), with equality if and only if u is a trivial cylinder. 
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7.2 Moduli space of punctured spheres
We shall assume from now on that W is a strong symplectic filling of M = BO(Σ, φ).
Denote by HA = (Λ,Ω) the SOBD stable Hamiltonian structure on M described in
Section 7.1, such that its symplectization admits a finite energy foliation F induced
by the holomorphic spinal open book decomposition, for a suitable compatible al-
most complex structure J . We attach the symplectic cobordism of Lemma 7.1 to W ,
obtaining a symplectic manifold with stable boundary (M,HA) which we still call
W . We take the Liouville completion Ŵ = W ∪ [0,+∞) ×M by adding the sym-
plectization, and extend J to a compatible almost complex structure in Ŵ which is
generic in the interior of W . For a ∈ [0,+∞), we denote W a = Ŵ\((a,+∞)× ∂W )
the truncation at level a, and MaP := {a} ×MP .
We obtain a moduli spaceMA, consisting of k-punctured holomorphic spheres in
Ŵ , where k is the number of connected components of B = ∂Σ. We denote byMA
the Gromov compactification ofMA. We haveMA =MAntriv ∪MAtriv, whereMAtriv
consists of those curves inMA which have cylindrical ends lying in the union of the
trivial cylinders over the SOBD binding B = B × T2 × {r = 0}. We consider MA∗ ,
obtained by adding a marked point to curves in MA, and the resulting evaluation
map ev :MA∗ → Ŵ , and forgetful map pi :MA∗ →MA.
Properties of the compactified moduli space. We now analyse the structure
of the compactified moduli space MA. Crucially for Theorem B, we show that the
only possible degenerations consists of bubbling of closed spheres. The following is
the analogue of Theorem 6.10 in this setting:
Theorem 7.3 (Properties ofMA). There exists sufficiently large 0 a0 ∈ [0,+∞),
so that the following statements hold (see Figure 9):
1. (compactness) We have a stratification
∅ =MA,3 ⊂MA,2 ⊂MA,1 ⊂MA,0 =MA
Here, the top strata MA = int(MA,0) is a smooth 4-manifold consisting of
somewhere injective k-punctured spheres. For i = 1, 2, the i-th strata int(MA,i)
has dimension at most 4−2i, and consists of nodal curves having precisely one
component which is a somewhere injective k-punctured sphere, and precisely i
(possibly multiply covered) closed spheres bubbles. In particular, there are no
multiple-floor building degenerations from curves inMA, and no degenerations
with components consisting of l-punctured spheres for l < k.
2. (asymptotic behaviour) Given any two elements in MA, the images of their
punctured components either agree, or they do not intersect in Ŵ\W a0.
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Figure 9: The moduli spaceMA. The unmarked moduliMA has a cylindrical end
[a0,+∞)× T3 which corresponds to curves lying away from the shaded region. We
have ev(a,m) = (ϕ(a,m),m), for a smooth function ϕ : [a0,+∞)×M\B → [0,+∞)
satisfying ϕ(a,m) = a for m ∈MP , limr→0 ϕ(a, r) = +∞ along R×MS.
3. (relative pseudocycle) For a ≥ a0, consider MA∗,a = ev−1(W a) ⊂ MA∗ and let
eva denote the corresponding restriction of the evaluation map. Then eva :
MA∗,a → W a is a relative pseudocycle representing the fundamental class.
In particular, the evaluation map on the compactification eva : MA∗,a → W a is
surjective.
4. (truncated fibers) LetMAa be the set of umarked curves inMAa with non-empty
intersection with W a.
Then the fibers of the forgetful map pi :MA∗,a →MAa are compact truncations
of the corresponding punctured curves in MA.
5. (cylindrical end) For a ≥ a0, MA has a cylindrical end over ∂MAa ∼= T3.
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6. (diffeomorphism on vertical boundary) For a ≥ a0, let ∂vMA∗,a = ev−1(MaP ) ⊂
MA∗ denote the vertical boundary, and ∂veva the corresponding restriction of
the evaluation map.
Then ∂vev
a : ∂vMA∗,a →MaP is a diffeomorphism.
Proof. (Theorem 7.3) For the purposes of exposition, we divide the argument in
several steps.
Step 1: Curves in the top levels.
Lemma 7.4. Let u : S˙ → R ×M be a connected holomorphic curve with precisely
k = #pi0(B) positive asymptotics all of the form B × {q} × {0}, such that any two
lie in different components of the SOBD binding B. Then u is a leaf in F .
Proof. (Lemma 7.4.) The proof is a direct and straightforward adaptation of [Mor17a,
Thm. 3.9, case B], and therefore we will provide only the key argument. While a pri-
ori there is non-trivial monodromy in our setup, we carry out the relevant changes
in the proof. We point out that it can be carried out for any spinal open book
decomposition supporting a contact structure.
Consider u as in the statement. We will show that u is a reparametrization of a
leaf in F . By Lemma 7.2, its negative ends also correspond to binding components.
Let U = ⊔j Uj ⊂ Σ be the union of the connected components of Σ\supp(φ) which
contain ∂Σ. Define V = U × S1 × T2 = ⊔j Vj, where Vj = Uj × S1 × T2, which
we view as a subset of MP . The J described in Section 7.1 can be constructed in
such a way that the submanifolds R × {z} × S1 × T2 ⊂ R × V , for z ∈ U , are
actually J-holomorphic hypersurfaces. Moreover, the projection p : R × V → U is
holomorphic.
If the spine is disconnected so that k > 1, then, since u is connected and ap-
proaches every boundary component of Σ, necessarily it intersects all connected
components of R×V . In the case where k = 1, either u is a trivial cylinder, or it is
a plane by Lemma 7.2. In the latter case, it also necessarily intersects all connected
components of R× V , because the binding is non-contractible in R×MS.
So we may consider S := u−1(R × V) = ⊔j Sj, where each Sj = u−1(R × Vj)
is assumed non-empty. Up to generically perturbing the boundary of V , we may
assume that S is a disjoint union of genus zero surfaces with non-empty boundary
mapping to R×∂V under u, and that the portion of ∂V near ∂Σ lies in some {t = t0},
where t ∈ (−δ, 0] is the collar parameter in (−δ, 0]×B × S1 × T2 ⊂MP .
We then have that
F = (p ◦ u)|S : S → U
is a holomorphic branched cover, such that the degree dj ≥ 1 of Fj = F |Sj is the
algebraic intersection number of u with R× Vj.
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One then estimates the Ω-energy of u, where Ω = Ων is the (exact) 2-form in the
SHS HA constructed in Appendix A. This form looks like Ω = dλ + Kdλstd along
MP for some large K  0, where λ is the Liouville form in Σ, so that λ = etdϕ in
the collar, and λstd is the standard contact form in T3. Denote SP = u−1(R×M t0P ),
where M t0P is the part of the paper whose boundary corresponds to {t = t0}, and by
A = a/2pi, where a is the action of any binding component (which is the same for
each, and can be taken to be as close to 1 as desired; see Remark A.2). Then,
2piAk ≥ 2piA(k −#Γ−(u)) =
∫
S˙
u∗Ω ≥
∫
SP
u∗Ω
=
∫
SP
u∗(dλ+Kdλstd)
≥
∫
SP
u∗dλ
= et0
∫
∂SP
u∗dϕ
= 2piet0
∑
j
dj
≥ 2piet0k
≥ 2pie−δk
(7)
We have used that
∫
SP
u∗dλstd ≥ 0. Since A and e−δ can be chosen arbitrarily
close to 1 independent of u, the above estimate implies that dj = 1 for every j, and
Γ−(u) = ∅. In other words, each Fj is a biholomorphism, and u has no negative
ends. Moreover, we obtain that ∫
SP
u∗dλstd = 0 (8)
Using the Morse-Bott condition of the orbits and unique continuation, the rest
of the proof follows almost word by word as in [Mor17a, Thm. 3.9, case B], and we
omit further details.
Step 2: Degenerations. We now study the possible degenerations. Let u ∈MA
be a stable and potentially nodal building with multiple components distributed
amongst levels (a unique main level, and perhaps several upper levels).
Step 2.A: Only bubbles as nodal degenerations. We show that none of the
components of u consists of a sphere with l punctures, for l < k.
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Indeed, let u0 be such a component. By adding +∞ to the cylindrical end of Ŵ
and choosing a suitable smooth structure on [0,+∞], we obtain a compact manifold
W
∞
with ∂W
∞
= {+∞} ×M =: M∞. We then do (topologically) spine removal
surgery to M∞ by attaching handles as described in Section 3.2, obtaining a smooth
copy of Wcap. By Lemma 7.2, all the asymptotics of every component in u is a
simply covered binding component. So we may attach the cores of the handles at
each of the asymptotics of u0, obtaining a sphere in Wcap which intersects precisely
l < k co-cores. But, by Theorem 6.14, there are no such spherical classes in Wcap.
It follows that u can only have closed sphere bubble components. Their image
cannot be completely contained in Ŵ\W , by the exactness of the 2-form of HA.
Therefore there are no nodal degenerations in the upper levels.
Step 2.B: There are no multiple levels. By the previous step, any component
of the lower-most level of u is necessarily a sphere with precisely k punctures, and
perhaps some bubbles. When combined with Lemma 7.2, we conclude that the levels
above the lower-most can only consist of trivial cylinders. The stability condition
implies that u coincides with its lower-most level.
By Step 1, if such level is an upper level, then u is a non-trivial leaf in F . If not,
it is a element in MAtriv.
Step 3: MA is a stratified space. From genericity of J along W , Fredholm
regularity of curves in F , and Lemma 7.4, we obtain smoothness of the top stratum.
The dimension counts follow from semi-positivity of symplectic 6-manifolds (cf. the
proof of Lemma 7.5 below). This proves Item 1.
The proof of the remaining items is a word by word adaptation of the corre-
sponding proof in Theorem 6.10 above, and is left as an exercise for the reader.
Nodal substrata. In this section, we describe the nodal configurations that can
appear in MA\MA.
Lemma 7.5 (The 1+1=2 Lemma). The set MA,1 ⊂ MA of nodal configurations
with at least 1 node consists of the following configurations (see Figure 10):
A) A single somewhere injective k-punctured sphere component of index 2, and a
single simply covered bubble of index 2. The substratum of int(MA,1) consisting
of these configurations is 2-dimensional.
B) A single somewhere injective k-punctured sphere component of index 0, and
either:
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Figure 10: The possible degenerations in MA\MA. Case E, i.e. corresponding
to configurations with non-contractible vanishing cycles, is ruled out using Theo-
rem 6.14, as in Step 2.A in the proof of Theorem 7.3.
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B1) A simply covered bubble of index 4. The corresponding nodal substratum
of int(MA,1) is 2-dimensional; or
B2) A doubly covered bubble of index 4, whose underlying simple sphere has in-
dex 2. The corresponding nodal substratum of int(MA,1) is 0-dimensional.
C) A single somewhere injective k-punctured sphere component of index 4, and an
index 0 multiple cover of some degree, whose underlying simple sphere has also
index 0. The corresponding nodal substratum of int(MA,1) is 2-dimensional.
D) A single somewhere injective k-punctured sphere component, together with two
bubbles (i.e. an element in MA,2 ⊂ MA,1). Independently of the indices of
each component, the corresponding nodal substratum is always 0-dimensional.
In all cases A)–D), configurations with multiply covered bubbles either come in
0-dimensional substrata or the multiple cover is rigid.
Proof. Let u be a nodal configuration inMW , with u0 its k-punctured sphere com-
ponent, and u˜1, u˜2 the (possibly constant or multiply covered) bubbles. Let u1
and u2 be the underlying simple curves, and d1, d2 be the corresponding covering
degrees. We have:
4 = ind(u) = 2cτ1(u) + µ
τ
CZ(u) = 2c
τ
1(u0) + µ
τ
CZ(u0) + 2d1c1(u1) + 2d2c1(u2),
where τ is a trivialization of the contact structure along the asymptotics of u. We
have µτCZ(u) = µ
τ
CZ(u0) = 4 with respect to a natural such trivialization, and so
cτ1(u) = 0. This implies
cτ1(u0) + d1c1(u1) + d2c1(u2) = 0 (9)
Since u0 is somewhere injective and intersects in an open set the region where J is
generic, we have
0 ≤ ind(u0) = 2cτ1(u0) + µCZ(u0) = 2cτ1(u0) + 4,
and so
cτ1(u0) ≥ −2
Combining with (9), and with semi-positivity, we get
0 ≤ d1c1(u1) + d2c1(u2) ≤ 2 (10)
Moreover, the dimension of the corresponding substratum is
0 ≤ ind(u0) + ind(u1) + ind(u2)− 2i = 2cτ1(u0) + µτCZ(u0) + 2c1(u1) + 2c1(u2)− 2i
= 2(1− d1)c1(u1) + 2(1− d2)c1(u2) + 4− 2i
(11)
where i is the number of non-constant bubbles, and where we used (9). The lemma
follows by combining (10) and (11).
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7.3 Proof of Theorem B
We consider MAa , for a ≥ a0, as in the statement of Theorem 7.3. Consider the
closed disk ∆ = {a0}× {∗}× {q}×D2 ⊂ {a0}×MS, which intersects each curve in
MAa at most once. Here, recall that MS = ∂Σ× T2 × D2 is the spine of the SOBD
from Section 2.
Note that the curves that intersect ∂∆ can be identified with the truncated
pages of the open book used in the Bourgeois construction. After perturbing the
disc slightly, relative to its boundary, we can assume that it intersects the nodal
strata – more precisely its image under the evaluation map – transversely in its
interior, and hence in a finite number of points yi that lie near the boundary of
some curves in the marked moduli space MA∗,a.
In view of Lemma 7.5, we can assume by general position that we only meet
curves in the strata corresponding to Cases A, B1, and C. Notice also that in case
B1 the main component has index 0, i.e. (each connected component of) the cor-
responding nodal stratum is made of nodal curves with a fixed main punctured
component, and a bubble component varying in a 2-dimensional family. In partic-
ular, for dimensional reasons, one can perturb ∆ so that it avoids such rigid main
punctured component.
We can hence assume that ∆ intersects only nodal curves of type A and C, in a
finite number of points. Note that although there may be a large subset of the mod-
uli space passing through a point of the disc, given for example by reparametrising
a multiply-covered component, there will only be finitely many simple nodal curves
and we take the images of these curves. Moreover, in view of the asymptotic unique-
ness of the curves and the fact that curves with two nodes occur in codimension 4,
each intersection point yi corresponds to precisely one simple curve whose image we
denote Ci ⊂ W a. Given that the dimension of the ambient manifold is greater than
four, we can assume that the underlying simple curve of their spherical components
as well as the punctured components are all embedded (by a punctured version of
[Wen18, Ex. 2.27]). Moreover, the image of the nodal curve itself is also embedded
for similar reasons (cf. case D in Lemma 7.5 above).
Let Ni = N(Ci) be a regular neighbourhood of the nodal curve Ci inside W a.
Notice thatNi retracts onto Ci. We can easily arrange that this collapse is compatible
with the natural projection to the binding on boundary components. One can
also blow down the bubble component of Ci. This gives a blow down of Ci to its
(truncated) punctured component Ci ∼= Σ.
Let then Di = Dεi(yi) ⊂ ∆ be small discs about each intersection point yi ∈ ∆
between ∆ and the nodal curves of type A and C. For each point in the punctured
disc w ∈ D∗i = Di \ {yi}, we denote by uw the unique (by asymptotic uniqueness)
holomorphic curve in MAa passing through w. We note that the preimage of ∆′ =
∆ \ ∪iDi in the moduli space naturally has the structure of a fiber bundle E with
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fiber Σ, which is given by forgetting the marked point and considering only domains
of the holomorphic maps. We claim that this bundle is in fact trivial. It then
follows that that original open book, whose mapping torus is diffeomorphic to the
restriction of the bundle to the boundary ∂∆ ⊆ ∂∆′, must have trivial monodromy.
Note first that this is the case on the boundary as there is a natural trivialisation
given by projecting to the binding of the original open book. Up to shrinking Di, by
the definition of the Gromov topology we can assume that the image of each uw lies
in the regular neighbourhood Ni. Thus composing with the collapse onto the blown
down nodal curve Ci, we obtain a fiberwise map between the bundle over E|∂Di and
the trivial bundle:
E|∂Di ∂Di × Ci
∂Di ∂Di.
fi
Id
We note that the map is a diffeomorphism near the boundary with respect to the
natural trivialisation coming from the projection to the binding of the open book.
In particular, it induces degree one maps on each fiber. It is well known that any
degree one map of a surface that is a homeomorphism on the boundary is homotopic
rel boundary to a homeomorphism by a result of Kneser cf. [Sko87]. In particular,
after a homotopy we can assume that the map is a homeomorphism on a reference
fiber E|∂Di ⊇ Σi ∼= Ci.
Then let ψt be the fiber preserving flow on E|∂Di given by a vector field transverse
to the fibers and inducing the given trivialisation on the boundary. Let ψi : Σ→ Σ
denote the monodromy given by the time one map of this flow. Pushing forward via
fi we obtain a homotopy of maps ψt = fi ◦ ψt ◦ f−1i |Σi from ψ1 = ψi to the identity
relative to the boundary.
In particular, the monodromy ψi is homotopic to the identity rel. ∂Σ. Kneser’s
Theorem then implies that these are in fact isotopic to the identity. As the open
book monodromy ψ : Σ→ Σ is just the composition of all the ψi, ψ is also isotopic
to Id rel. ∂Σ, as desired. This concludes the proof of Theorem B. 
Remark 7.6. Observe that, in the case where W is symplectically aspherical, the
result of intersecting with ∆ directly yields fiber bundle with fiber Σ. This immedi-
ately tells that the monodromy ψ of the original open book decomposition is isotopic
to the identity.
Topology of the compactified moduli space: aspherical case. In this sec-
tion, we show that in the case where the filling W is symplectically aspherical, the
compactified moduli spaceMA is a manifold, and completely determine its topology.
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Theorem 7.7 (Topology of MA: aspherical case). There exists sufficiently large
0 a0 ∈ [0,+∞), so that the following statements hold:
(i) (compactness: absence of bubbling) There are no nodal degenerations, breaking
or bubbling, so that MA =MA is a smooth 4-manifold.
(ii) (asymptotic foliation) There exists precisely one curve in MA passing through
each point in Ŵ\W a0.
(iii) (homeomorphism type) For a ≥ a0, let MAa be the set of (unmarked) curves
in MA with non-empty intersection with W a. Then MAa is homeomorphic
to D∗T2 and a homeomorphism is given by intersecting a curve with a “ver-
tebra” {a0} × {∗} × D∗T2 ⊂ {a0} ×MS. The non-truncated moduli MA is
obtained from MAa by attaching a cylindrical end over ∂MAa ∼= T3, and is thus
homeomorphic to T ∗T2.
(iv) (fibration) For a ≥ a0, the forgetful map pia := pi|MA∗,a : MA∗,a → MAa is a
fibration with fiber diffeomorphic to Σ.
(v) (boundary diffeomorphism) For a ≥ a0, the evaluation map induces a diffeo-
morphism by restricting to the boundary eva : ∂MA∗,a → ∂W a. In particular,
∂MA∗,a inherits a SOBD by pulling back that of ∂W a.
(vi) (marked cylindrical end) For a ≥ a0, MA∗ has a cylindrical end over ∂MA∗,a ∼=
∂W a.
Proof. From Item 1 in Theorem 7.3, and the absence of bubbling in W , we imme-
diately obtain that MA =MA.
From Item 2 in Theorem 7.3, we have that two non-nodal curves are either
asymptotically disjoint or are identical, and, since we only have such curves, we
obtain the asymptotic foliation property.
Let a0  0 be as in Theorem 7.3, and a ≥ a0. Then, by the asymptotic foliation
property, MAa can be parametrized by the intersection of each curve in MAa with a
vertebrae as in the statement. We have obtained a homeomorphism MAa0 ∼= D∗T2,
and MA ∼= T ∗T2 (recall Figure 9).
The fibration property follows from the absence of degenerations, and the bound-
ary diffeomorphism, as well as the cylindrical end property, are immediate from the
asymptotic foliation property. This finishes the proof of Theorem 7.7.
Remark 7.8. Theorem 7.7 is a version of Theorem 1 in [Wen10c], adapted to our
setup. The situation described in the last item is already present in that paper,
where the SOBD is the natural planar SOBD in T3 (cf. Section 6.3 above).
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Remark 7.9 (SOBD fibration at ideal boundary). One could rephrase the last
item in the above theorem in terms of “ideal” language. By adding +∞ to the
cylindrical end of Ŵ and choosing a suitable smooth structure on [0,+∞], we obtain
a compact manifold W
∞
with ∂W
∞
= {+∞} ×M . Then, curves extend to the
compactification, and the extended forgetful map is conjugated via the extended
evaluation map to the SOBD fibration piP : M\B → T3 at the ideal boundary (cf.
[Wen10c]).
8 Fillings of high dimensional Bourgeois struc-
tures
In this section we study strong symplectically aspherical fillings of high dimensional
Bourgeois contact manifolds. More precisely, Section 8.1 contains the proof of The-
orem G, i.e. the classification of such fillings in the case of S∗Tn = BO(D∗Tn−2, Id).
In Section 8.2 we prove Theorem H, i.e. that no symplectically aspherical fillings
exist in the case of BO(D∗Sn, τ), with τ the Dehn–Seidel twist on D∗Sn.
8.1 Symplectically aspherical fillings of S∗Tn
In this section, we consider (S∗Tn, ξstd), the unit cotangent bundle of Tn, with its
standard Stein fillable contact structure, and we prove Theorem G from the Intro-
duction. The proof follows the same lines as those of previous sections in a higher-
dimensional setting and many arguments simplify greatly due to the asphericity
condition, which ensures that all relevant moduli spaces are automatically compact
as bubbling can be excluded by assumption.
Remark 8.1. We point out that for the 5-dimensional case, the following section
and its main result Theorem 8.2 below is unnecessary and can be replaced with
Theorem 7.7 above.
A family of SOBDs and holomorphic foliations. As explained in the In-
troduction, we can identify (M, ξ) := (S∗Tn, ξstd) ∼= (BO(D∗Tn−2, id), ξBO), up to
contactomorphism. This manifold is the convex boundary of the Stein manifold
W0 := D
∗S1 × · · · ×D∗S1, with its product Stein structure. We may write
M = ∂W0 = D
∗Tj × ∂D∗Tn−j
⋃
∂D∗Tj ×D∗Tn−j,
for j = 1, . . . , n − 1. These decompositions all yield supporting SOBDs for (M, ξ),
besides the SOBD which we have so far considered for Bourgeois contact manifolds,
which corresponds to j = 2 (see Section 2). Observe that they are symmetric under
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the substitution j ↔ n−j. From now on, we shall only consider the j = n−1 SOBD,
since its pages D∗S1 are 2-dimensional. As already mentioned in Remark 8.1, the
j = 2 SOBD is enough in the 5-dimensional case (whereby n− 1 = 2), and so what
follows in this section is only necessary to address the higher-dimensional case.
As in Section 7, one can then adapt the construction in Appendix A for the
j = n − 1 SOBD with page D∗S1, using as auxiliary Morse–Bott function on the
vertebra D∗Tn−1 the square of the distance from the zero section. This gives a
(2-dimensional) holomorphic foliation F of the symplectization of a suitable stable
Hamiltonian structure HA in M , for which there exists a symplectic cobordism with
strong concave boundary (M, ξstd) and positive stable boundary (M,HA). Moreover,
because of the particular choice of Morse–Bott function, which has no gradient
trajectory flowing from a critical point to another, the leaves of F are either trivial
cylinders or Liouville completions of the pages D∗S1, and the latter approach the
former asymptotically at infinity.
As in Section 7 (cf. [Mor17a, Section 3.5]), one shows that F is Fredholm regular.
Moreover, Riemann-Roch gives that each of its elements has Fredholm index 2n−2.
A moduli space. Consider W a symplectically aspherical strong symplectic filling
of (M, ξ) = (S∗Tn, ξstd). We now proceed as in Section 7.
After attaching a cobordism to its boundary to obtain (M,HA), and completing
to a manifold Ŵ = W ∪ [0,+∞)×M by attaching the symplectization of (M,HA),
we obtain a moduli space MA consisting of holomorphic cylinders inside Ŵ . We
also have MA∗ , obtained by adding a marked point to the domains, an evaluation
map ev : MA∗ → Ŵ , and a forgetful map pi : MA∗ → M. Denote by W a =
Ŵ\((a,+∞)× ∂W )) the truncation at level a.
The following is the analogue of Theorem 7.3 for the current moduli spaceMA,
but in the symplectically aspherical case (cf. Theorem 7.7):
Theorem 8.2. There exists sufficiently large 0 a0 ∈ [0,+∞), so that the following
statements hold:
1. (compactness) The moduli space MA coincides with its Gromov compactifica-
tion MA. Namely, there are no nodal nor multiple-floor building degenera-
tions, nor bubbling.
2. (diffeomorphism type) For a ≥ a0, let MAa be the set of unmarked curves in
MA with non-empty intersection with W a. Then MAa is a 2n − 2 manifold
diffeomorphic to D∗Tn−1.
3. (fibration) Let MAa,∗ = ev−1(W a). The forgetful map pi : MAa,∗ → MAa is a
fibration with typical fiber an annulus D∗S1.
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4. The direct analogues of items (ii), (v), (vi) (for a ≥ a0) in Theorem 7.7 also
hold for the current moduli MA =MA.
Proof. The proof follows the same lines as that of Theorems 7.3 and 7.7. Step 1 in
the proof of Theorem 7.3, namely proving uniqueness in the upper levels, follows by
a straightforward adaptation of Lemma 7.4. This first proves that any curve in the
upper levels with the same asymptotic behaviour as a leaf in F is necessarily a leaf
of F .
In order to rule out nodal degenerations corresponding to the zero section of
T ∗S1 as a vanishing cycle, which is the key step, we need to adapt Sections 3.2,
6.1, 6.2 and 6.4. Though lengthy, this is routine, and we will just indicate the main
steps, leaving for the reader to fill in the details. The remainder of the proof is then
completely analogous to that of Theorem 7.3 and Theorem 7.7.
First, we adapt Corollary 3.7 from section 3.2 to construct a spine removal cobor-
dism with respect to the j = n− 1 SOBD where the page is 2-dimensional, and so
pages are easy to cap. The resulting cobordism (C, ω) has stable boundary of the
form (S2 × S∗Tn−1,H), where H = (λ,Ω), with λ = αstd the standard contact form
on S∗Tn−1, and Ω = dαstd + ωS2 with ωS2 an area form on S2. This cobordism is
obtained by attaching symplectic handles of the form A = (D∗Tn−1×D2, ωstd⊕dσ),
where (D2, dσ) is viewed as a symplectic cap of each component of the page D∗S1,
and we have holomorphic co-cores diffeomorphic to D∗Tn−1. We attach (C, ω) to
W , obtaining a symplectic manifold (Wcap, ωcap).
We then construct a moduli space M of holomorphic spheres in Wcap as in
Section 6.1, which satisfies a local uniqueness property as in Lemma 6.3. This
means that the evaluation map at the boundary ev∂ : ∂M∗ → S2 × S∗Tn−1 is a
diffeomorphism, where M∗ is the Gromov compactification of the marked moduli
space M∗.
Notice however that, while in the case of Section 6.2, where Wcap was a 6–
dimensional symplectic manifold, one could use semi–positivity to ensure that the
evaluation map is a pseudo–cycle, now one needs an alternative argument. More
precisely, all components of nodal curves are simple in this setting, because of the
apshericity assumption and positivity of intersections. Indeed, symplectic aspheric-
ity of W implies that every nodal component (which is necessarily a sphere) of a
curve in Wcap has to meet at least one cocore; positivity of intersection then tells
that each component meets any cocore transversely and positively and, because of
the homology class of the curves, precisely once. In particular, each nodal compo-
nent is simple. An explicit dimension count then implies that nodal degenerations
or bubbling appear in codimension at most 2, thus ensuring that the evaluation map
is a pseudocycle.
As explained in Remark 6.7, the symplectic asphericity assumption simplifies
the strategy of Section 6.2 significantly, and it is much easier to show that the
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composition
Tn−1 ↪→ S2 × S∗Tn−1 ev
−1
∂−→ ∂M∗ ↪→M∗ ev−→ Wcap
induces an injection in integer homology.
Once this is established, one considers the Liouville completion Ŵcap of Wcap,
and a S2-parametric version of Wendl moduli space MW analogous to that from
Section 6.3. It consists of holomorphic cylinders in Ŵcap arising from the symplecti-
zation of D∗Tn−1, which we holomorphically view as D∗Tn−1 = D∗S1 × · · · ×D∗S1,
and so we have one choice of moduli space for each factor (i.e. for each of the n− 1
the natural SOBDs for S∗Tn−1 with cylinder pages). The fact that Tn−1 injects
homologically inside Wcap and that W is aspherical implies that there are no nodal
degenerations at all, andMW =MW (as follows from adapting the proof and state-
ment of Theorem 6.10). This means that the forgetful map pi : MW∗ → MW is a
fibration with typical fiber T ∗S1.
The next step is to prove the analogue of Theorem 6.14, namely, that if a cycle
in H2(Wcap) intersects a holomorphic co-core, then it intersects all of them. Again,
the proof is straightforward due to the absence of bubbles and the resulting fibration
property of pi (cf. Remark 6.16).
Finally, the key step follows, exactly as in the proof of Theorem 7.3. Namely,
if there is a nodal degeneration from a curve in the moduli space MA arising from
the zero section in T ∗S1 as a vanishing cycle, then we may cap the resulting planes
inside Wcap, obtaining two spherical classes in H2(Wcap) both of which intersect at
least one but not every co-core. This is a contradiction, and finishes the proof of
Theorem 8.2.
Remark 8.3. (Flags and iterated Siefring intersection theory). Observe that the
Liouville completion T ∗Tn−1 ofD∗Tn−1 has n−1 obvious foliations by asymptotically
cylindrical holomorphic curves, which are cylinders T ∗S1. What’s more, there are
(n − 1)! choices of flags G1, . . . ,Gn−1 of holomorphic foliations of T ∗Tn−1. Here,
Gi is a codimension-2 holomorphic foliation of each leaf of Gi+1, whose leaves are
asymptotically cylindrical and symplectomorphic to T ∗Ti, Gn−1 = {T ∗Tn−1} is the
trivial foliation whose unique leaf is the total space, and G1 is any of the n−1 choices
of the above obvious foliations. We obtain these flags simply by dropping any choice
of factor T ∗S1 of T ∗Ti at each step.
In the above proof, to obtain uniqueness in the upper levels (the analogous of
Lemma 7.4), one can replace the j = n − 1 SOBD by its symmetric j = 2 version.
Its pages now admit this iterated structure of flags, and Siefring intersection theory
applied iteratively gives an alternate proof in the first step of the proof.
Symplectically aspherical fillings of S∗Tn: homotopy type. Let W be a
symplectically aspherical filling of S∗Tn = BO(D∗Tn−2, Id). As a first step towards
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Theorem G, we will prove that W is homotopy equivalent to D∗Tn.
Consider S∗Tn with its SOBD given by
S∗Tn = D∗Tn−1 × S∗S1
⋃
S∗Tn−1 ×D∗S1,
where we view D∗S1 as page. In particular, as S∗S1 = {±1} × S1, the spine
D∗Tn−1 × S∗S1 has two connected components; we call D∗Tn−1 × {+1} × S1 the
positive component, and the other one, the negative one. Notice that there is
then a natural map j0 : Tn → S∗Tn which factorizes through the inclusion of
Tn = {0T ∗Tn−1} × Tn−1 × {+1} × S1 into the positive component of the spine of
S∗Tn.
According to standard facts in algebraic topology (cf. [Hat02, Section 4.2, Ex-
ercise 12]), such a statement on the homotopy type of W follows immediately from
the following result:
Proposition 8.4. Let j : Tn ↪→ W be given by the composition of j0 defined above
and the natural inclusion S∗Tn = ∂W into W . Consider also a lift j˜ of j to the
universal covers Rn and W˜ . Then:
1. H0(W˜ ) = Z and Hk(W˜ ) = {0} for k > 0,
2. j∗ : pi1(Tn)→ pi1(W ) is an isomorphism.
Before we give a proof of Proposition 8.4 above we first fix some notation and
make some preliminary remarks.
Let a0 > 0 be as in Theorem 8.2, and a > a0. As in Theorem 6.10, denote
Wa := Ŵ\((a,+∞)× ∂W ) the truncation at level a, and M∗,a = ev−1(Wa). Since
Wa deformation retracts onto W , it is equivalent to prove the statement with Wa
instead of W (and similarly with their universal coverings). We then factor j : Tn ↪→
Wa as follows:
Tn ∂+hM∗,a M∗,a Wai1 i2 ev . (12)
Here, i1, i2 and ∂
+
hM∗,a are defined as follows. According to Theorem 8.2, there is an
identification Ma ' D∗aTn−1 and the forgetful map pia : M∗,a →Ma is a fibration
with fiber D∗aS1 = [−a, a] × S1. Moreover, the evaluation map ev : M∗,a → Wa
induces a diffeomorphism near the boundary, in such a way that the pulled back
SOBD on ∂M∗,a is “compatible” with the forgetful map pi : M∗,a → Ma in the
following sense. The vertical boundary ∂vM∗,a, i.e. pi−1(∂Ma), and the horizontal
one ∂hM∗,a, i.e. ∂M∗,a \ pi−1(∂Ma), are the paper S∗Tn−1 × D∗aS1 and the spine
D∗aTn−1 × S∗S1 of ∂M∗,a ev= ∂Wa respectively. The set ∂+hM∗,a is then defined to
be the positive component of ∂hM∗,a, i.e. D∗aTn−1 × {+a} × S1 ⊂ ∂hM∗,a. Notice
also that pia restricts to a trivial circle fibration piah,+ : ∂
+
hMW∗,a 'MWa ×S1 →MWa .
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The map i1 in Equation (12) is then just defined as the natural inclusion of Tn =
{0T ∗Tn−1} × Tn−1 × {+a} × S1 in the positive component D∗aTn−1 × {+a} × S1 of
∂hM∗,a. Finally, i2 is the natural inclusion.
Notice that i2 is a homotopy equivalence. More precisely, as pi
a is a fibration
with cylindrical fibers whose restriction to the positive component of the horizontal
boundary is a trivial circle fibration, M∗,a deformation retracts onto ∂+hM∗,a. This
implies that i := i2 ◦ i1 is also a homotopy equivalence, since i1 clearly is.
Proof (Proposition 8.4). We first prove that j : Tn → Wa induces an injection on
H∗. Consider a class x ∈ H∗(Tn), and denote y := i∗(x) in H∗(M∗,a). Suppose that
ev∗(y) is zero in H∗(Wa); this means that there is z ∈ H∗(Wa) with ev∗(y) = ∂z.
Up to perturbation (recall that M∗,a is a smooth manifold and ev is smooth map),
one can suppose that ev is transverse to a cycle representing z. In other words, one
can get a well defined homology class ev!(z) in H∗(MW∗,a) such that ev∗ev!(z) = z.
Here, the shriek map is defined via taking Poincare´-Lefschetz duality, pulling back
and then applying duality again. Geometrically this is the same as making the map
transverse to a cycle and taking its preimage.
Notice that ∂ev!(z) is exactly y. Indeed, y can be represented by a cycle with
support near ∂+hM∗,a (because it is in the image of (i2)∗) and ev restricts to a
diffeomorphism between neighborhoods of ∂M∗,a and ∂Wa, so that y = ev!ev∗y. In
other words, y = 0 in H∗(M∗,a). Then, as i is a homotopy equivalence, x = 0 in
H∗(Tn), as desired.
The fact that the map j∗ on pi1 is injective follows from an argument analogous to
the one above. More precisely, one also needs to use the following property, which
follows from the fact that i is a homotopy equivalence: for any γ : S1 → M∗,a,
[γ] ∈ H1(M∗,a) is trivial if and only if [γ] ∈ pi1(M∗,a) is trivial.
As far as the surjectivity of j∗ on pi1 is concerned, one can argue as follows. Take
a class x ∈ pi1(Wa), and fix a smooth embedded representative γ : S1 → Wa. Then,
up to perturbation, one can assume that ev is transverse to γ, so that δ := ev−1(γ)
is an embedding of S1 insideM∗,a. Now, as i is a homotopy equivalence, [δ] = i∗([α])
for a certain [α] ∈ pi1(Tn). In particular, there is a loop δ′ ∈ [δ] which lies in the
cylindrical end of M∗,a. This means that γ is homotopic to γ′ := ev ◦ δ′. Now, γ′
lies in the cylindrical end of Wa and the restriction of ev to the cylindrical ends is
a diffeomorphism, so that ev∗([δ′]) = [γ′] = x. In other words, j∗[α] = x, as desired.
Lastly, we prove that the map j˜ on the universal cover also induces an iso-
morphism in integer homology. Injectivity follows trivially from the fact that the
universal cover of Tn is contractible. We then prove surjectivity.
Consider the following commutative diagram:
70
Rn M˜∗,a W˜a
Tn M∗,a Wa
i˜ e˜v
i ev
,
where the vertical arrows are the universal covering maps, and i˜ is a lift of i = i2 ◦ i1.
Notice that j˜ and j are given by the composition of, respectively, the two top and
bottom horizontal arrows.
The map i˜ is a homotopy equivalence, because it lifts the homotopy equivalence
i. Given any x ∈ H∗(W˜a), one can consider the class e˜v!(x) in H∗(M˜∗,a). This is
well defined because M˜∗,a is smooth and e˜v is also smooth, so one can perturb a
representative of x to achieve transversality with respect to ev and then pull back
the representative.
Using standard covering spaces arguments, one can moreover see that e˜v is a
diffeomorphism near the boundary. Then, an argument similar to the one used
to prove injectivity of j∗ in homology shows that e˜v∗e˜v
!x = x. In particular, the
homology class y := i˜ !e˜v!(x) in H∗(Rn) will then satisfy that j˜∗(y) = x, as desired.
Symplectically aspherical fillings of S∗Tn: diffeomorphism type. Once the
homotopy type is established, understanding the diffeomorphism type can be done
by using the s–cobordism theorem, since the Whitehead torsion of the fundamental
group of S∗Tn vanishes. The argument below is just an adaptation of the argument
given in [BGZ16, Sections 5 and 8] to our setting. We thus limit ourselves to give a
sketch of the proof, referring to the proofs of the technical statements in [BGZ16],
and, for the readers’ ease, we also adopt their notations.
We start by describing the spaces involved in the argument.
Let W1 be the result of attaching a topologically trivial cobordism [0, 1]×S∗Tn to
W along its boundary M0 := S
∗Tn = {0}×S∗Tn. Consider also on S∗Tn the SOBD
given by spine D∗Tn−1 × S∗S1 and paper S∗Tn−1 ×D∗S1, and recall that the spine
has a “positive” component D∗Tn−1×{+1}× S1 given by the natural identification
S∗S1 = {±1} × S1 ⊂ R × S1. The cobordism [0, 1] × S∗Tn then contains a collar,
diffeomorphic to D∗Tn−1×D∗S1 = D∗Tn, of the positive component of the spine of
{1/2} × S∗Tn. In other words, there is a (smooth) copy of W0 := D∗Tn which is
entirely contained in the cobordism [0, 1]× S∗Tn.
Denote X := W1 \W0 and M1 := ∂W1. Notice then that ∂X = M1 ∪ (−M0).
The aim is then to prove that X is diffeomorphic to a cylinder [0, 1] × S∗Tn. This
would imply that W1 is actually diffeomorphic to W0, as desired.
Using the information on the homotopy type of W obtained before, arguing
exactly as in [BGZ16, Lemmas 5.1 and 5.2], one can prove that the inclusions
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WW0
W1
M0
M1
D*T �-1
D*S1
Figure 11: Schematic picture of the spaces considered. Here, W1 is the union of the
filling W , in blue, the collar [0, 1] × S∗Tn, in green, and the copy of W0 inside the
collar, in violet. The space X is the union of the green and blue part. The two axis
D∗S1 and D∗Tn−1 allude to the fact that we are considering on ∂W = S∗Tn the
SOBD given by S∗Tn = ∂(D∗Tn−1 ×D∗S1) = D∗Tn−1 × S∗S1 ∪ S∗Tn−1 ×D∗S1.
M0,M1 ↪→ X induce isomorphisms on pi1 and on H∗. Moreover, as S∗Tn is a
simple space (i.e. the action of its pi1 on every homotopy group is trivial), arguing
exactly as in [BGZ16, Lemmas 8.1 and 8.2] one can then show that M0,M1 ↪→ X
actually induce isomorphisms on all homotopy groups.
This proves that X is an h–cobordism between M0 and M1. Now, as M0 = S
∗Tn,
the Whitehead group Wh(pi1(M0)) vanishes, so that the Whitehead torsion of the
inclusion M0 ↪→ X is necessarily zero. The s–cobordism theorem then tells that X
is diffeomorphic to [0, 1]× S∗Tn, as desired.
8.2 Symplectically aspherical fillings of BO(T ∗Sn, τ)
We denote by τ the Dehn–Seidel twist on D∗Sn, and consider the Bourgeois contact
manifold BO(D∗Sn, τ). The aim of the section is to prove Theorem H, i.e. that
BO(D∗Sn, τ) does not admit any strong symplectically aspherical filling.
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S1–equivariant SOBDs and its induced holomorphic foliation. Bourgeois
contact structures are T2–equivariant contact structures on products of contact 2n+
1–manifolds with T2, and it can be in particular reinterpreted using the construction
from [GS10, Theorem 1] of S1–equivariant contact structures on products with S1
as follows (cf. [DG12, Section 5.3]).
Consider the Weinstein manifold (T ∗(Sn × S1x), λT ∗Sn + sdx), where s is the
cotangent direction of T ∗S1x and S1x denotes the factor corresponding to the first
coordinate of (x, y) ∈ T2. The Dehn–Seidel twist τ on D∗Sn gives a compactly sup-
ported contactomorphism ψ on the contactization (D∗Sn × S1x, λT ∗Sn + dx). As
(D∗Sn × S1x, ker(λT ∗Sn + dx)) is a contact submanifold of the contact boundary
S∗(Sn × S1x) of D∗(Sn × S1x), one can then use ψ in the recipe given in [GS10]
to obtain an explicit contact form β′ on(
T ∗(Sn × S1x) ∪ψ T ∗(Sn × S1x)
)
× S1y .
Now, the underlying smooth manifold is just S2n+1 × T2(x,y), and β′ is of the form
α′ + φ′1dx− φ′2dy, where α′ ∈ Ω1(S2n+1) and φ′1, φ′2 : S2n+1 → R. One can explicitly
check that φ′ = (φ′1, φ
′
2) : S2n+1 → R2 actually defines an open book on S2n+1, with
page D∗Sn and monodromy τ , and, moreover, that α′ is adapted to such open book.
In other words, up to isotopy, (S2n+1 × T2, ker β′) is just BO(D∗Sn, τ).
The advantage of this point of view is that (S2n+1×T2, ker β′) is clearly supported
by another SOBD, called here S1y–equivariant SOBD, which already appeared in
[Mor17a, Section 5.1] (see also [Mor17a, Section 5.2] dealing with the non–trivial
bundle setting described in [DG12, Section 5.3]).
Remark 8.5. The word ”supported” is used here as in Section 2; more precisely, it
means that ker β′ is isotopic to the kernel of the explicit contact form on S2n+1×T2
constructed via the corner rounding procedure as in Appendix A (namely, the λE|M−
on M− there), but using this S1y–equivariant SOBD instead of the Bourgeois SOBD
described in Section 2.
Such a S1y–equivariant SOBD has paper
(D∗S1y, tdy) MP = (S∗(Sn × S1x)×D∗S1y, (λT ∗Sn + sdx)|S∗(Sn×S1x) + tdy)
(S∗(Sn × S1x), (λT ∗Sn + sdx)|S∗(Sn×S1x))
piP
where S1y is the S1-factor of T2 corresponding to the second coordinate of (x, y) ∈ T2
and t is the cotangent coordinate of D∗S1y. The spine is instead given by
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⋃
i=1,2(S1y, dy) MS =
⋃
i=1,2(D
∗(Sn × S1x)× S1y, λT ∗Sn + sdx+ dy)
⋃
i=1,2(D
∗(Sn × S1x), λT ∗Sn + sdx)
piS
From now on, we will consider the SOBD described above on the contact man-
ifold BO(D∗Sn, τ). However, this is in contradiction with the fact that M0 =
BO(D∗Sn, Id) = Sn+1 × Sn × T2 does not even have the same topology as M1 =
S2n+1 × T2, thus concluding the proof of Theorem H.
Notice that we have chosen the S1y ⊂ T2 factor in the above construction. How-
ever, everything goes through exactly the same by exchanging the roles of x and y,
thus obtaining also an S1x–equivariant SOBD supporting BO(D∗Sn, τ).
Remark 8.6. Even though the monodromy τ seems to have disappeared from the
picture if one looks at the spine and papers separately, it is actually encoded in the
data, as it dictates how boundaries of spine and paper are glued together.
Remark 8.7. We discussed here the case of BO(D∗Sn, τ), but the same argu-
ment shows that every Bourgeois contact structure admits analogous S1–equivariant
SOBDs.
Consider now the S1x–equivariant SOBD. Once we equip its vertebra D∗(Sn ×
S1x) unionsq D∗(Sn × S1x) with the natural Morse–Bott function given by the distance
from the zero section on each connected component, an analogous of Lemma A.1
gives a (topologically trivial) symplectic cobordism with strong concave boundary
BO(D∗Sn, τ) and positive stable boundary (S2n+1 × T2,Hx), for a suitable Hx.
Moreover, there is a holomorphic foliation Fx on the symplectization of the stable
Hamiltonian manifold (S2n+1 × T2,Hx), whose leaves are either trivial cylinders,
or Liouville completions of the pages D∗S1. (Notice that, exactly as in the cases of
Sections 7.1 and 8.1, the absence of other type of leaves follows from the fact that the
auxiliary Morse–Bott chosen above has no gradient lines flowing from one critical
point to the other, in each connected component of the spine.) As in Sections 7
and 8.1, one can also prove that Fx is Fredholm regular, and each leaf has Fredholm
index 2n− 2.
Analogously, one obtains a foliation Fy on the symplectization of a suitable Hy
on S2n+1 × T2 using the S1y–equivariant SOBD.
The cylindrical moduli space. Denote by W the compact symplectic man-
ifold obtained by attaching the cobordism described above to the symplectically
aspherical strong symplectic filling of BO(D∗Sn, τ). We then complete the resulting
cobordism to a manifold Ŵ = W ∪ [0,+∞)× S2n+1 × T2 by attaching the positive
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half–symplectization of (S2n+1 × T2,Hx) at the convex end. As what follows is al-
most completely analogous to what has been done in Sections 7 and 8.1, we will
limit ourselves to sketch the proofs, mainly pointing out any necessary changes from
the previous settings.
Consider the moduli space Mx, consisting of holomorphic cylinders inside Ŵ ,
induced by the holomorphic (partial) foliation Fx on the cylindrical end. Denote
also by Mx∗ the moduli space with one marked point, ev :M∗ → Ŵ the evaluation
map, and pi : Mx∗ → Mx the forgetful map. Let also W a = Ŵ\((a,+∞) × ∂W ))
be the truncation at level a. Analogously to Theorems 7.3 and 8.2, we have the
following result:
Theorem 8.8. There is a sufficiently large 0 a0 ∈ [0,+∞), so that the following
statements hold:
1. (compactness) The moduli space Mx coincides with its Gromov compactifica-
tionMx. Namely, there are no nodal nor multiple-floor building degenerations,
nor bubbling.
2. (diffeomorphism type) For a ≥ a0, let Mxa be the set of unmarked curves in
Mx with non-empty intersection with W a. Then Mxa is a 2n − 2 manifold
diffeomorphic to D∗Sn ×D∗S1.
3. (fibration) Let Mxa,∗ = ev−1(W a). The forgetful map pi : Mxa,∗ → Mxa is a
fibration with typical fiber an annulus D∗S1.
4. The direct analogues of items (ii), (v), (vi) (for a ≥ a0) in Theorem 7.7 also
hold for the current moduli Mx =Mx.
Sketch of proof (Theorem 8.8). As in the case of Theorem 8.2, most of the proof
is completely analogous to that of Theorems 7.3 and 7.7. We give however the
argument for the compactness of the moduli space, as this uses the two new SOBDs
in a slightly different way than in the previous settings.
Bubbling of spheres is ruled out by the symplectically asphericity assumption.
Moreover, in order to prove the absence of both multiple level degenerations and
nodal degenerations with non–trivial vanishing cycle, it is clearly enough to show
that the Reeb orbits of (S2n+1 × T2,Hx) which are asymptotes of the holomorphic
curves in the moduli space Mx, i.e. the S1y circles in T2, are not contractible in the
filling W . In other words, we need an analogue of Section 6.2 in this setting, for the
S1y–factor.
Consider the S1y–equivariant SOBD on BO(D∗Sn, τ), and perform spine removal
surgery on it by capping the pages D∗S1x to spheres S2x using two disks D2x, i.e. using
a handle D∗Sn ×D∗S1y × (D2x ∪D2x). This gives a capped filling Wcap from W . Now,
∂Wcap = S
∗(Sn×S1x)×S1y×S2x, and one shows that its S1y–factor survives in homology
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in Wcap itself. One can prove so arguing as in Section 6.2. Notice however that one
needs to prove explicitly that the evaluation map is a pseudocycle, as semipositivity
for the capped filling is not automatic in high dimensions. This can be done as in
the proof of Theorem 8.2.
Homotopy type of the filling. We first prove that the filling W has the homo-
topy type of W0 := D
∗Sn × D∗T2. This can be done exactly as in Section 8.1; we
thus again only provide a sketch of the argument here.
As the spine of the S1x–equivariant SOBD is given by the disjoint union of two
copies ofD∗Sn×D∗S1x×S1y, there is a natural embedding j0 : Sn×S1x×S1y ↪→ S2n+1×T2
induced by the zero sections of (any of the two connected components of) the spine.
According to [Hat02, Section 4.2, Exercise 12], it is again enough to prove the
following:
Proposition 8.9. Let j : Sn×T2(x,y) ↪→ W be given by the composition of j0 defined
above and the natural inclusion S2n+1 × T2 = ∂W into W . Consider also a lift j˜ of
j to the universal covers Sn × R2 and W˜ . Then:
1. j˜∗ : H∗(Sn × R2)→ H∗(W˜ ) is an isomorphism,
2. j∗ : pi1(Sn × T2)→ pi1(W ) is an isomorphism.
Sketch of proof (Proposition 8.9). The proof of the fact that j induces an isomor-
phism on H∗ and pi1 goes exactly as in Proposition 8.4; we hence omit it here.
We then sketch the proof of the fact that the map j˜ also induces an isomorphism
in integer homology of the universal covers. Consider the following commutative
diagram:
Sn × R2 M˜x∗,a W˜a
Sn × T2 Mx∗,a Wa
i˜ e˜v
i ev
,
where the vertical arrows are the universal covering maps, and i˜ is a lift of i = i2 ◦ i1.
Notice that j˜ and j are given by the composition of, respectively, the two top and
bottom horizontal arrows.
Notice that the vertical left arrow is injective in homology. As j∗ is an isomor-
phism on H∗, j˜ is injective in homology too.
We are then left to prove its surjectivity. This can be done as in the proof of
Proposition 8.4, and is hence omitted.
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Obstruction to the existence of W . The s–cobordism theorem finally allows
to obstruct the existence of W . Again, the argument goes as in Section 8.1, so we
just give a sketch.
We denote by W1 the result of attaching a topologically trivial cobordism [0, 1]×
S2n+1 × T2 to W along its boundary M := S2n+1 × T2 ' {0} × S2n+1 × T2. Notice
that the embedding j : Sn×T2 ↪→ W has trivial normal neighborhood and its image
is entirely contained in (one of the two connected components of) the spine of the
S1x–equivariant SOBD of M . In particular, [0, 1]×M ⊂ W1 then contains a copy of
W0 := D
∗Sn ×D∗T2, given by a neighborhood of the image of j.
Let then X := W1 \W0 and M1 := ∂W1; notice that ∂X = M1 ∪ (−M0), where
M0 = ∂W0 ⊂ X. An argument completely analogous to the one in Section 8.1 then
allows to prove that X is a trivial smooth cobordism. This implies in particular
that M0 is diffeomorphic to M1. However, this is in contradiction with the fact that
M0 = BO(D
∗Sn, Id) = Sn+1 × Sn × T2 does not even have the same topology as
M1 = S2n+1 × T2, thus concluding the proof of Theorem H.
9 Further discussion and open questions
Whilst our results are, together with [LMN18], among the first steps in understand-
ing the nature of the contact structures given by Bourgeois’ construction, it is an
important problem to understand more precisely the dependence of the Bourgeois
structure on the starting open book decomposition. It is a direct consequence of
their definition that all Bourgeois contact structures are contact deformations of the
almost contact structure ξV ⊕TT2 (i.e. the endpoint η1 of a path (ηt)t∈[0,1] of hyper-
plane fields starting at η0 = ξV ⊕ TT2 and such that ηt is contact for t > 0). As a
consequence one can then construct, as in [MNW13, Example 1.1], weak cobordisms
between BO(Σ, φ) and BO(Σ′, φ′) for any OBD(Σ′, φ′) and OBD(Σ, φ) supporting
the same contact structure. Besides sharing the formal homotopy class, Theorem A
in this paper shows in particular that the tight vs overtwisted classification type of
any 5-dimensional BO(Σ, φ) is independent of the open book.
On the other hand, in [Bou02a, Corollaries 10.6 and 10.8], Bourgeois used cylin-
drical contact homology with respect to noncontractible homotopy classes of Reeb
orbits, in order to distinguish infinitely many Bourgeois contact manifolds arising
from open books supporting the standard contact structure on S3; and similarly for
T3. Further instances of different open books supporting the same contact structure
that induce non-contactomorphic Bourgeois contact manifolds can also be found in
[LMN18, Example 1.5].
Given the results in this paper, natural questions are then the following:
Question 1. Can we find further contactomorphisms of Bourgeois contact mani-
folds, beyond the inversion of the monodromy from [LMN18]? More ambitiously,
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can we classify the contactomorphism type of all the Bourgeois contact manifolds
arising from some fixed contact structure, especially via rigid holomorphic curves
invariants?
A further interesting question relates to Giroux torsion. This is a standard
notion in dimension 3, and was generalized to higher dimensions in [MNW13]. It
was shown in [MNW13] to be an obstruction to strong fillability, and it was proven
in [Mor17b, Theorem 1.7] that it can be detected by an SFT-type contact invariant,
algebraic torsion (defined in [LW11]). Theorem A in this paper can be summarized
as: the Bourgeois construction “kills” overtwistedness. One can wonder if it also
“kills” Giroux torsion.
Question 2. Does there exist a Bourgeois contact manifold with Giroux torsion?
An affirmative answer to Question 2 would provide an obstruction to strong
fillability, but it would not immediately provide an obstruction to weak fillability,
since Giroux torsion only provides obstructions to weak fillability under suitable
cohomological conditions (see [MNW13, Corollary 8.2] or [Mor17b, Corollary 1.8]).
We can also approach the question for fillability via subgroups of the mapping
class group. Let Σ be a surface with boundary, and denote Fill(Σ) the set of el-
ements ψ of MCG(Σ) such that BO(Σ, ψ) is strongly fillable. From Theorem 3.1
and [LMN18, Theorem B], we know that Fill(Σ) is a subgroup of MCG(Σ). More-
over, since monodromies are defined up to conjugacy, it is a normal subgroup. By
Theorem B, Fill(Σ) = {Id} if Σ has genus zero.
Question 3. What can we say about Fill(Σ) for the case of Σ with positive genus?
Remark 9.1. (Obstructions to gluing weak cobordisms) Observe that in order to
show that Bourgeois contact structures are tight – at least in dimension 5 –, one could
be tempted to argue as follows. By decomposing the monodromy into powers of
positive and negative Dehn twists, and using the cobordism (C, ωC) of Theorem 3.1,
we end up with having to find fillings of BO(Σ, τ±1) where τ is a single Dehn twist.
Notice that BO(Σ, τ) is indeed weakly fillable, according to [LMN18, Theorem
A.(a)]. More precisely, one can arrange the cohomology class of the symplectic form
induced at the boundary of the filling to be [ωT2 ], where ωT2 is an area form on T2
and  > 0. Since (C, ωC) is exact at each end, one can then consider the perturbed
version (C, ωC + ωT2), which has weakly dominated boundary. Then, [MNW13,
Lemma 1.10] guarantees that the weak filling of BO(Σ, τ) glues to this perturbed
version. Now, in order to find an analogous filling for the case of BO(Σ, τ−1), one
would hope to appeal to [LMN18, Theorems A.(a) and B]. However, by carefully
tracing the signs from the contactomorphism provided in [LMN18], one can see
that the corresponding weak filling does not glue correctly to (Q,Ω + ωT2). More
precisely, the contactomorphism swaps the orientation of the T2-factors. Of course,
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in the case where the monodromy is a product of powers of Dehn twists of the same
sign, then indeed we do find weak fillings.
A Construction of finite energy foliations
In this appendix, we fill in the details of Section 7.1. We first recall some notation.
Consider (Σ2n−2, λ) a Liouville domain, ψ a symplectomorphism of Σ restricting
to Id near B = ∂Σ and satisfying ψ∗λ = λ − dh for h : Σ → [0,∞) some smooth
function which vanishes near B. Denote the corresponding mapping torus by Σψ,
and let V 2n−1 = OBD(Σ, ψ) be the manifold with the corresponding open book.
Let Φ = (Φ1,Φ2) = (ρ cos θ, ρ sin θ) = (p1,−p2) be the defining map, so that θ =
Φ/|Φ| : V \ B → S1 is the open book fibration. Let α be a Giroux form for
the contact structure ξ = kerα supported by the open book in V . Denote by
λB the restriction of λ to the binding B = ∂Σ. Consider M = V × T2, and
let β = α + Φ1dq1 − Φ2dq2 be the Bourgeois form associated to (α,Φ) inducing
the Bourgeois contact structure ξBO = ker β, where (q1, q2) ∈ T2. We consider the
spinal open book decomposition (SOBD) for M as described at the end of Section 2,
for which β is a Giroux form (Definition 2.8). In particular, we have the spine
MS = B ×D∗T2, the paper MP = Σψ × T2, and an interface region between them
of the form MI = B × [−, ] × T2. We also have the structural SOBD fibrations
piS : MS → D∗T2 and piP : MP → S∗T2 = T3.
Double completion and symplectic cobordism
In this section, we prove Lemma 7.1, which we now restate.
Lemma A.1. There exists a topologically trivial symplectic cobordism (Y, ωY ), hav-
ing the original Bourgeois contact structure (M, ξBO) as concave boundary compo-
nent, and a suitable stable Hamiltonian manifold (M,HA) as positive stable bound-
ary.
The stable Hamiltonian structure HA is the one used in Section 7.1 to obtain a
holomorphic foliation, which we construct in the following section. The proof follows
by adapting a construction in [Mor17a] (see also [LVHMW18,AM18]). The pictorial
reference is Figure 12.
Consider a cylindrical end N (B) = (−δ,+∞)×B ⊂ Σ̂, with coordinates (t, b) ∈
N (B), so that λ = etλB. Similarly, consider N (T3) = (1−δ,+∞)×S1×T2 ⊂ T ∗T2,
with coordinates (r, θ, q) ∈ N (T3), so that λstd = erλT , where λT denotes the
standard contact form in T3. This gives completions of the spine MS and paper MP ,
which we denote by M̂S = B × T ∗T2 and M̂P (a Σ̂-fibration over T3) respectively.
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Figure 12: The symplectic cobordism (Y, ωY ), corresponding to the shaded region,
a bounded domain inside the double completion E∞,∞.
Consider the completed mapping torus abstractly given by
Σ̂ψ = {(x, ϕ) ∈ Σ̂× R : 0 ≤ ϕ ≤ h(x)}/(ψ(x), 0) ∼ (x, h(x)),
where we consider the obvious extension of ψ to Σ̂. We denote points in Σ̂ψ by
[x, ϕ], and we have θ([x, ϕ]) = ϕ/h(x) ∈ S1. Let λψ be a fiberwise Liouville form on
Σ̂ψ which coincides with λ on each fiber, and consider the fiberwise Liouville vector
field Xλ associated to λψ. We also have a corresponding completed paper piece
M̂P = Σ̂ψ × T2, and the subset NP (B) = N (B) × S1 × T2 ⊂ M̂P with coordinates
(x = (t, b), θ, q). We consider the “double completion”, defined as the following open
2n-manifold:
E∞,∞ = (1− δ,+∞)× M̂P
⊔
(−δ,+∞)× M̂S
/
∼,
where we identify (r, t, b, θ, q) ∈ (1 − δ,+∞) × NP (B) ⊂ (1 − δ,+∞) × M̂P with
(t, b, r, θ, q) ∈ (−δ,+∞)×B ×N∞(T3) ⊂ (−δ,+∞)× M̂S. See Figure 12.
We may view E∞,∞ as a “fibration” over (T ∗T2, λstd), but where the fibers change
topological type: they are copies of Σ̂ over the cylindrical end (1 − δ,+∞) × T3 ⊂
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T ∗T2, and cylindrical ends (−δ,+∞)×B over {r ≤ 1− δ} ⊂ T ∗T2. We denote this
map by piE.
For K  0 a large constant, choose a smooth function σ = σK : [0,+∞) →
[0,+∞) satisfying:
• σ ≡ 1 on [0, 2− δ].
• σ ≡ K on [2,+∞).
• σ′ > 0 on (1− δ, 1).
We view σ as a function on E∞,∞ by identifying it with σ ◦ r, where the coordinate
r is also viewed as a function.
We view the 1-form λψ as a 1-form on E
∞,∞, and we define
λE = λψ + σpi
∗
Eλstd ∈ Ω1(E∞,∞).
By construction, as is straightforward to check, this is a Liouville form on E∞,∞,
i.e. the 2-form ωE = dλE is symplectic. The associated Liouville vector field is
XE = Xλ + Vσ, where Vσ = f(r)∂r is the Liouville vector field associated to the
Liouville form σλstd, for f =
σ
σ+σ′ > 0. In particular, it agrees with ∂t + Vσ in the
subregion of E∞,∞ where the variable t is defined.
We have the following preferred copies of M = V × T2 lying in E∞,∞ as hyper-
surfaces with corners:
M− := ({t ≤ 0} ∩ {r = 1}) ∪ ({t = 0} ∩ {r ≤ 1}) ⊂ E∞,∞
M+ := ({t ≤ 1} ∩ {r = 2}) ∪ ({t = 1} ∩ {r ≤ 2}) ⊂ E∞,∞.
Here, by convention, whenever we write {t ≤ c}, we also include the region where
t is not defined.
We now smooth all corners. Choose smoothing functions F,G : (−δ, δ)→ (−δ, 0]
satisfying: 
(F (ρ), G(ρ)) = (ρ, 0), for ρ ≤ −δ/3
G′(ρ) < 0, for ρ > −δ/3
F ′(ρ) > 0, for ρ < δ/3
(F (ρ), G(ρ)) = (0,−ρ), for ρ ≥ δ/3.
See Figure 13. We replace the region M−∩ ({t ≥ −δ}∪{r ≥ 1−δ}) ⊂ E∞,∞, which
contains the corner M− ∩ {t = 0, r = 1}, with the region
M−I := {(r, t) = (F (ρ) + 1, G(ρ)) : ρ ∈ (−δ, δ)} ×B × S1 × T2 ⊂ E∞,∞
Similarly, we replace M+ ∩ ({t ≥ 1− δ} ∪ {r ≥ 2− δ}) ⊂ E∞,∞ with
M+I := {(r, t) = (F (ρ) + 2, G(ρ) + 1) : ρ ∈ (−δ, δ)} ×B × S1 × T2 ⊂ E∞,∞
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Figure 13: Our choice of corner smoothing.
Then
M− = M−S
⋃
M−I
⋃
M−P ,
where M−P = M
− ∩ ({t ≤ −δ}∩ {r = 1}), and M−S = M− ∩ ({t = 0}∩ {r ≤ 1− δ}).
We have a similar decomposition for M+. Observe that these two decompositions
are nothing else than the Bourgeois SOBD associated to M .
Consider the Morse-Bott Hamiltonian function H : D∗T2 → R given by
H(q, p) =
−|p|2 + 1
2
.
All of its critical points lie in the zero section T2, which is a Morse-Bott submanifold,
and its flow lines are the radial lines (where we take the standard flat metric on T2).
The function H is naturally defined on MS, where it is B-independent, and after
smoothening (see Figure 14) we extend it to M so that it vanishes as one approaches
MP along the interface MI .
Let φsE denote the time-s flow of the Liouville vector field XE, choose a small
ν ≥ 0, and let
M+,ν = {φνH(p)E (p) : p ∈M+} ⊂ E∞,∞.
This is a ν-perturbation of M+ inside E∞,∞, in the Liouville direction, diffeomor-
phic to M . Denote by M+,νS the piece of M
+,ν corresponding to M+S under the
perturbation, and similarly for M+,νI , corresponding to M
+
I .
Define (Y, ωY ) to be the compact and connected symplectic submanifold of
(E∞,∞, ωE) bounded by M−
⊔
M+,ν . It is clearly trivial as a smooth cobordism.
See Figure 12.
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H|p|
Figure 14: The smoothened Morse-Bott function H.
By construction, XE is inwards pointing to Y atM
−, and so (M−, ξ− = kerλE|M−)
is a concave contact-type boundary component of Y , whose contact structure is sup-
ported by the Bourgeois SOBD and isotopic to (M, ξBO).
We now construct the stable Hamiltonian structure HA at M+,ν , as follows. Pick
some small 0 <  < δ, and deform the Liouville vector field XE to a vector field
XSH of the form
XSH = γ(r, t)Xλ + Vσ,
where γ : (1− δ,+∞)× (−δ,+∞)→ R is a smooth function satisfying:
• γ ≡ 0 in the region {r ≥ 2− , t ≤ −δ + }.
• γ ≡ 1 in the region {1 ≤ r ≤ 1 + , t ≤ 0}⋃{t ≥ −}.
• ∂rγ < 0 and ∂tγ ≡ 0 in the region {1 +  < r < 2− , t < −}.
• ∂tγ > 0 and ∂rγ ≡ 0 in the region {−δ +  < t < −}.
See Figure 15 and Figure 12.
By construction, XSH coincides with XE away from a neighbourhood of M
+
P
inside Y , and with Vσ in a smaller such neighbourhood.
We define
HA := HνA := (βν ,Ων) := (iXSHωE|M+,ν , ωE|M+,ν )
One may explicitly check that XSH is a stabilizing vector field near M
+,ν , and so
HA is indeed a SHS, which is in fact a confoliation (see below for explicit formulas).
This concludes the construction which proves Lemma A.1. 
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Construction of codimension-4 holomorphic foliation
In this section, we carry out the construction of the foliation described in Section 7.1,
in all dimensions, by an adaptation of the construction of the model A foliation in
[Mor17a] to the Bourgeois supporting SOBD.
On M , consider the SHS HA = HνA = (βν ,Ων) of Lemma A.1, for ν ≥ 0, as
constructed in the previous section. Denote its kernel by ξABO = ker β
ν (which is
ν-independent), and its Reeb vector field by Rν .
Symplectic connection. On the symplectic fibration piP : M̂P → T3, there is
a natural homotopy class of symplectic connections so that the parallel transport is
the flow associated to the monodromy ψ. This flow is generated by the horizontal
lift of ∂θ ∈ TS1, which we denote by X = ∂˜θ. In other words, we have a splitting
TM̂P = Hor⊕ Vert,
where Vert = ker dpiP is the vertical distribution, and Hor = 〈X〉 ⊕ TT2 ∼= TT3 is
the symplectic connection, the isomorphism being induced by piP .
Explicit formulas. Let us write explicit expressions for the data associated
to HA. Along M+,νI , we write the time-νH flow of XSH = ∂t + Vσ in coordinates as
r 7→ ΦVσ(νH(r), r)
t 7→ t+ νH(r),
where ΦVσ(s, ·) is the time s flow of Vσ. The r and t coordinates on M+,νI are then
r = ΦVσ(νH(F (ρ) + 2), F (ρ) + 2) =: Fν(ρ)
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t = G(ρ) + 1 + νH(F (ρ) + 2) =: Gν(ρ)
and so
∂r =
∂ρ
F ′ν
, ∂t =
∂s
G′ν
We may then drop the superscripts from the notation for M+,ν , and work intrinsi-
cally on M . We write
βν =

eνH(r)(eλB + λstd), on MS,
γ(Fν(ρ), Gν(ρ))e
Gν(ρ)λB + σ(Fν(ρ))e
Fν(ρ)λT , on MI ,
KλT , on MP .
where λT is the standard contact form on T3 induced by λstd = erλT at r = 1, and
Ων =

d
(
eνH(r)(λB + λstd)
)
, on MS,
d
(
eGν(ρ)λB + σ(Fν(ρ))e
Fν(ρ)λT
)
, on MI ,
dλψ +KdλT , on MP .
It follows that
ξABO = ker β
ν =

ξB ⊕ T̂D∗T2, on MS,
ξB ⊕ ξ˜T ⊕ 〈v1, v2〉, on MI ,
Vert⊕ ξ˜T , on MP ,
(13)
where ξB = kerλB, T̂D
∗T2 := {v̂ := v − λstd(v)e−1RB : v ∈ TD∗T2} ∼= TD∗T2 (the
isomorphism being induced by piS), ξ˜T = {w˜ : w ∈ ξT} is the horizontal lift of
ξT = kerλT with respect to the symplectic connection Hor, v1 = ∂ρ, and
v2 =
v′2
Ων(v1, v′2)
= A(ρ)RT +B(ρ)RB,
where RT and RB are respectively the Reeb vector fields of λT and λB and
v′2 = γ(Fν(ρ), Gν(ρ))e
Gν(ρ)RT − σ(Fν(ρ))eFν(ρ)RB.
One computes:
Ων(v1, v
′
2) = e
Fν+Gν (γ(Fν , Gν)F
′
ν(σ
′(Fν) + σ(Fν))− σ(Fν)G′ν) := Φ(ρ)
is strictly positive, and
A(ρ) =
γ(Fν , Gν)e
Gν
Φ
(ρ), B(ρ) = −σ(Fν)e
Fν
Φ
(ρ)
85
Also, the following expressions hold:
Rν =
 e
−νH(r)(RB − νX̂H), on MS.
U(ρ)RB + V (ρ)RT , on MI .
RT/K, on MP .
Here, XH is the Hamiltonian vector field of H (defined by iXHdλstd = −dH), X̂H is
its lift to ξABO as defined above, and U, V : (−δ, δ)→ R are suitable smooth functions
depending on F,G, γ, σ and their derivatives.
Remark A.2.
1. We see that Rν coincides with RB along the binding {r = 0}, and so Reeb orbits
in B are Reeb orbits in M of action 2pieνH(0)aB, where aB is their action as λB-orbits.
2. Given any fixed action threshold T  0, by choosing K sufficiently large, and
by choosing σ suitably along MI , we can arrange that all Reeb orbits whose action
is below T is a multiple cover of a binding orbit (as follows by inspecting the above
expression for Rν).
Almost complex structure. We now construct aHA-compatible almost com-
plex structure Jν on the symplectization (Ra×M,ωϕ = d(ϕ(a)βν)+Ων) of (M,HA).
Here, ϕ : R→ (−, ) satisfies ϕ′ > 0, and  > 0 is small enough so that ωϕ is sym-
plectic. The almost complex structure Jν has to map ∂a to R
ν , and be R-invariant,
so we need only specify it along ξABO.
Take an almost complex structure J0Σ on Σ̂ which is dλ-compatible and cylindrical
along the cylindrical end N (B) ⊂ Σ̂, and denote its restriction to ξB along N (B)
by JB. Let J
1
Σ = ψ∗J
0
Σ, which is also dλ-compatible and coincides with J
0
Σ on N (B),
and so is cylindrical. Since the space of dλ-compatible almost complex structures
which coincide with J0Σ along N (B) is contractible, we can find a path {J tΣ}t∈[0,1] of
dλ-compatible almost complex structures, which joins J0Σ to J
1
Σ, and is t-independent
on N (B). We may then define a fiber-wise compatible almost complex structure JΣ
on Σ̂ψ by JΣ|[x,ϕ] = Jϕ/h(x)Σ . It is well-defined by construction.
Choose a λstd-compatible almost complex structure J0 on T
∗T2, which agrees
with the standard integrable one along {r ≤ 1 − 2δ}, and which is cylindrical and
λT -compatible along the cylindrical end {r ≥ 1 − δ}. Denote by JT its restriction
to ξT along the latter. Observe that J0 is automatically compatible with σλstd.
Along ξABO|MI , we make the ansatz
Jν(v1) := g(ρ)v2,
for some smooth positive function g : (−δ, δ) → R+ to be specified, and we denote
JI = J
ν |〈v1,v2〉.
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Using the splitting (13), we define
Jν |ξABO :=

JB ⊕ Ĵ0, on MS.
JB ⊕ J˜T ⊕ JI , on MI .
JΣ ⊕ J˜T , on MP ,
where Ĵ0v̂ := Ĵ0v defines Ĵ0 as the lift of J0 via piS, and J˜T w˜ := J˜Tw defines the
horizontal lift of JT to ξ˜T .
It remains to determine the function g, which we do by interpolating between
the two definitions in MS and MP . Along MS ∩MI , we have
Jν(v1) = Ĵ0 (F
′
ν∂r)
= F ′νR̂T
=
F ′ν
A
(ART +BRB)
=
F ′ν
A
v2.
(14)
Similarly, along MP ∩MI , we have γ = 0 and so v2 = −KRB, and hence
J(v1) = JΣ(G
′
ν∂t)
= G′νRB
= −G
′
ν
K
v2.
(15)
We observe that, in both cases, J(v1) = g(ρ)v2 for some strictly positive function g.
We then extend those functions to any choice of positive function g : (−δ, δ)→ R+
interpolating between g = F
′
ν
A
near ρ = −δ and g = −G′ν
K
near ρ = δ. This finishes
the construction of Jν .
We leave it for the reader to check that Jν is compatible with HA (namely that
Ων(·, Jν ·) is a Jν-invariant metric on ξABO, cf. [Mor17a, p. 45-48]).
The holomorphic foliation. Since Vert is an integrable distribution, we have
a Jν-holomorphic foliation of R×MP of the form
FP = {F (a,c)P }(a,c)∈R×S1×T2
where c = (θ, q) ∈ S1 × T2 and F (a,c)P := {a} × Σθ × {q}, for Σθ the θ-page of the
open book. Moreover, one can extend the foliation FP to a holomorphic foliation of
R×M by attaching cylindrical ends to its leaves, as follows.
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For c = (θ, q) ∈ S1 × T2, define
γνc : [0,+∞)→ D∗T2
by
γνc (t) = (q, e
−νt, θ).
Then γνc (0) = (q, 1, θ) and γ
ν
c is a positive flow-line of νH, i.e. a solution of γ˙(t) =
ν∇H(γ(t)) (for the standard flat metric). Moreover, limt→+∞ γνc (t) = (q, 0) ∈ T2 ×
{0} lies on the zero section. Let also
f νa : [0,+∞)→ R
be a solution to the equation f˙ νa (t) = e
νH(γ(t)), with f νa (0) = a. Define
FS := {F (a,c)S }(a,c)∈R×S1×T2
⋃
{Fq}q∈T2
where
F (a,c)S := B × {(f νa (t), γνc (t)) : t ∈ [0,+∞)}
Fq = R×B × {q}.
It is easy to check that this is a Jν-holomorphic foliation of R×MS. Indeed, letting
g(t) := (f(t), γ(t)) := (f νa (t), γ
ν
c (t)), we have
∂tg(t) = f
′(t)∂a + γ′(t)
= eνH(γ(t))∂a + ν∇̂H(γ(t)),
(16)
where we have used that ∇̂H(γ(t)) = ∇H(γ(t))(= −r∂r) coincides with its lift to
ξABO. So,
Jν∂tg(t) = e
νH(γ(t))Rν + νX̂H(γ(t))
= RB − νX̂H(γ(t)) + νX̂H(γ(t))
= RB,
(17)
which shows the claim.
Observe that a leaf F (a,c)S has as many connected components as B = ∂W ,
and glues smoothly to the leaf F (a,c)P of FP , defined over MP . In fact, F (a,c)S is a
cylindrical end of F (a,c)P , and one checks that it is possible to glue in a holomorphic
manner. Indeed, along MI , the vector fields R
ν and Jνv1 = gv2 are both linear
combinations of RT and RB for coefficients only depending on ρ, and they are not
colinear. So, we have
RB = C(ρ)R
ν +D(ρ)Jνv1,
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for some smooth functions C,D : (−δ, δ)→ R. Then,
JνRB = −C∂a −Dv1 = −C∂a −D∂ρ
We conclude that
TB ⊕ 〈C∂a +D∂ρ〉 = 〈RB, JνRB〉
is an integrable and Jν-complex distribution (by comparing both sides). Integrating
this distribution, one finds integral submanifolds which yield a foliation FI , and
which glue to the leaves of FS and FP (cf. [Mor17a, p. 52]). Gluing the foliations
together, we obtain a Jν-holomorphic foliation F = FP ∪ FI ∪ FS on R×M . The
leaves are Liouville completions of Σ, together with trivial cylinders over the binding,
as described in Section 7.1. This finishes the construction.
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